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Abstract 

We present a characterization of the asymptotics of all asymptot- 
ically flat stationary vacuum solutions of Einstein's field equations. 
This characterization is given in terms of two sequences of symmetric 
trace free tensors (we call them the 'null data'), which determine a 
formal expansion of the solution, and which are in a one to one corre- 
spondence to Hansen's multipoles. We obtain necessary and sufficient 
growth estimates on the null data to define an absolutely convergent 
series in a neighbourhood of spatial infinity. This provides a complete 
characterization of all asymptotically flat stationary vacuum solutions 
to the field equations. 

1 Introduction 

A stationary vacuum spacetime is given by {M,gf^^,^^), where M is a four- 
dimensional manifold, Qf^u is a Lorentzian metric with signature (H ) 

that satisfy Einstein's vacuum equations (i.e. Ric[g] = 0), and is a time- 
like Killing vector field with complete orbits. The metric can be written 
locally as 

g = V{dt + jadx''f + V-^habdx''dx\ a, 6 =1,2, 3, (1) 

where V, 7^ and hat depend only on the spatial coordinates x". As shown 
by Geroch [H] the description of this spacetime can be done in terms of fields 
defined in an abstract three-dimensional manifold defined as the quotient 
space of M with respect to the trajectories of The fields V, 7a, hab on M 
can be obtained as pull-backs of fields on under the projection map. The 
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latter will be denoted by the same symbols, being hab the negative definite 

metric on N. In the following we shall only work on N. 

The vacuum Einstein's field equations in M imply that on the quantity 

is curl-free, i.e. 

D[aUJb] = 0, 

where D is the covatiant derivative with respect to hab and iabc = ^[abc], £123 = 
I det hab\^ ■ We are interested in the asymptotics of the space-time at spatial 
infinity, so it will be assumed that is diffeomorphic to the complement of a 
closed ball -Bi^(O) in M^. Thus is simply connected and hence there exists 
a scalar field u such that 

DaUJ = Ua. 

Instead of working with V and uj it is convenient to use the combinations 

- — w — ' 




introduced by Hansen [TUj. Einstein's vacuum field equations in this setting 
are equivalent to 

A-Ja = 2R[h](PA, A^M,S, (2) 

Rab[h] = 2[(D,0a/)(A0m) + iDa^s)iDb4>s) - {Dah){Db~^K)l (3) 

1 

where 4'k = {\ + 4>\4 + 4>s^ ^ ■ Equations (Ej), ([3]) will be referred to as the 

stationary vacuum field equations. Having (M, g^^, ^^^) is equivalent to having 
(iV, hab, <pM, 4>s)- We are looking for solutions of and ([3]). 
The asymptotic fiatness condition is usually stated by assuming (A^, hab) 
to admit a smooth conformal extension in the following way: there exist a 
smooth Riemannian manifold (A^, hab) and a function Q G C'^{N) fl C'^{N) 
such that A^ = A^ U {«}, where i is a single point, 

> on iV, 
hab = ^'^hab on N, 

Q\i = 0, Dan\i = 0, DaDbQ\i = 2hab\i, (4) 

where D is the covariant derivative operator defined by h. This makes A^ 
diffeomorphic to an open ball in M^, with center at the point i, which rep- 
resents space-like infinity. From now on we assume A^ to be asymptotically 
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flat in the stated sense. 

Considering that N is diffeomorphic to the complement of a closed ball -B_r(0) 
in is natural in the present context. It corresponds to the idea of an iso- 
lated system, where the material sources are confined to a bounded region 
outside of which is vacuum. Lichnerowicz [13] has shown that if is diffeo- 
morphic to then N is flat. 

Reula [13] has shown existence and uniqueness of asymptotically flat solutions 
to ([2]), (IH]), in terms of a boundary value problem, when data are prescribed 
on the sphere dN. 

In order to be able to control the precise asymptotic behaviour of the space- 
time it would be convenient to have a complete description of the asymp- 
totically flat stationary vacuum solutions in terms of asymptotic quantities. 
Candidates for this task are Hansen's multipoles [TU]. With the previous 
assumptions Hansen proposes a definition of multipoles, which extends Ge- 
roch's definition of multipoles for asymptotically flat static space-times [8] to 
the stationary case. He defines the conformal potentials 

0A = ^^"^A, A^M,S, (5) 
and two sequences of tensor fields near i through 

= ct>A, = D,P^, P4„^ = C {Da,P^^ - \P^Ra,a:) , (6) 

^ali...ai = C [Da^^,Pt..a. - \s{2s - l)P„i^,.„,3i?a2a J , A = M,S, (7) 

where Rab is the Ricci tensor of hab and C is the projector onto the symmetric 
trace free part of the respective tensor fields. The multipole moments are 
then defined as the tensors 

v^ = P\{), =P4...,,«, A = Af,5,p=l,2,3,... (8) 

Keeping aside the monopoles, u^, we will denote the two sequences of re- 
maining multipoles by 

T^tp = ^iai, ^a^ai, •••}, ^ = M, S. 

The multipole moments are proposed as a way to characterize solutions of 
(12D , (131) • So a natural question is to what extent do the multipoles determine 
the metric h and the potentials ipM-, 4>s- For this to be the case the metric 
and the potentials should be real analytic even at i in suitable coordinates 
and conformal rescaling. Beig and Simon [3] and Kundu [12] have shown that 
the metric and the potentials do extend in a suitable gauge as real analytic 
fields to i if it is assumed that 
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As explained in [15j (cf. also |4j), in order for a solution of ([2]), ©to lead 
to an asymptotically flat space-time M it is necessary that = 0. So, we 
assume from now on that 



In jH] and [l2] it is also shown that for given multipoles there is a unique 
formal expansion of a 'formal solution' to the stationary field equations, but 
it is not touched upon the convergence of the expansion. 
Backdahl and Herberthson [2j have found, assuming a given asymptotically 
flat solution of the stationary field equations, necessary bounds on the mul- 
tipoles. 

The question that remains open is under which conditions a pair of sequences, 
taken as the multipoles, do indeed determine a convergent expansion of a sta- 
tionary solution. This question has been studied for the axisymmetric case 
by Backdahl [T]. In the static case, where there is only one sequence of 
multipoles, Friedrich [3| has used as data a sequence of trace-free symmetric 
tensors, different but related to the multipoles. He has shown that imposing 
certain types of estimates on the data he prescribes is necessary and sufficient 
for the existence of asymptotically fiat static space-times. However, so far 
the question for the general case has never been answered. 
The purpose of this work is to derive, under the assumption (Q, necessary 
and sufficient conditions for certain minimal sets of asymptotic data, differ- 
ent to the multipoles, denoted collectively by P^, V^, and referred to as null 
data, to determine (unique) real analytic solutions of ([2]) and ([3]) and thus 
to provide a complete characterization of all possible asymptotically fiat so- 
lutions to the stationary vacuum field equations. 

In the following we shall work in terms of the conformally rescalled fields, 
the conformal factor will be specified in more detail later on. 
For the same reasons that justify N to be considered diffeomorphic to the 
complement of a closed ball in M^, we shall treat the case in which N may 
comprise a small neighbourhood of the point i, without worring about the 
behaviour of the solution in the large (note that in terms of h a neighbour- 
hood of i cover an infinite domain extending to space-like infinity). This 
work generalizes the work by Friedrich [7] from the static to the stationary 
case in a way discussed later on this section. 

The multipoles are defined for any conformal gauge, but for our analysis it 
is convenient to remove the conformal gauge freedom and use, following Beig 
and Simon [3], 




(9) 




(10) 
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With this conformal factor they derive fall-off conditions and then show that 
under some assumptions the rescaled metric can be extended on a suitable 
neighbourhood of space-like infinity and in suitable coordinates as a real 
analytic metric at i. The potentials (pM and (ps are then also real analytic at 
i, so that the multipoles are well defined. Using this gauge, and taking into 
account that the angular momentum monopole vanish, we get 



Instead of using the multipoles sequences, it will be convenient for our anal- 
ysis to use, in the given gauge, the following two sequences 

Vt = {C{D,,ct>){i),C{D,,D,,ct>){i),C{D,^D,,D,,ct>){i),...}, 

K = {Sa,aA^,CiD,A,,){t),CiD,,D,.^Sa,a,m,-}, (H) 

where (p = (ps and Sab is the trace free part of the Ricci tensor of h. 

We express now the tensors in in terms of an /i-orthonormal frame 

field Ca, a = 1, 2, 3, near i, which is /i-parallelly propagated along the geodesies 

through i, denoting by the covariant derivative in the direction of Ca, and 

write 

Vt = {CiD,M^,C{D.,D,,<Pm,CiD,sD.,D,M^,...}, (12) 

^n* = {5a,ai(^),C(Da35a,aJ(0,Cpa4^a3^a,aJ(0,-}- (13) 

These tensors are defined uniquely up to rigid rotations in M.^. These two 
series will be referrred to as the null data of h in the frame Ca- 
For a real analytic metric h near i there exist constants M, r > such that 
the components of these tensors satisfy the estimates 

\C{Da,...Da,(P){i)\<^. ap,...,ai = 1,2,3, p = 0,1,2,..., 

\C{Da^...Da,S^,){i)\<-^, ap,...,ai,b,c = 1,2,3, p = 0,1,2,.... (14) 

Althoug these estimates have similar form to Cauchy estimates they are not 
the same, the difference being that here the estimates are on the symmetric 
trace free part of the derivatives instead of being directly on the derivatives. 
These estimates are derived from Cauchy estimates in Section [3l Remark- 
ably, the converse is also true. This consitutes our main result, given in the 
following theorem. 
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Theorem 1.1. Suppose m ^ and 



= {^ai,^a2ai,V'a3a2ai,--}, (15) 
~ {^a2ai) ^a3a2ai) ^a4a3a2ai) •••}; (16) 

are two infinite sequences of symmetric, trace free tensors given in an or- 
thonormal frame at the origin of a 3-dimensional Euclidean space. If there 
exist constants M, r > such that the components of these tensors satisfy 
the estimates 

Mp\ _ _ 

|V'ap...a2ai | ^ ; ^p; •••) ^1 = 1) 2, 3, p = 1, 2, 

I^ap...a2aibc| < ap, . . . , ai , b, c = 1, 2, 3, p = 0,1,2,..., 

then there exists an analytic, asymptotically flat, stationary vacuum solution 
{h, (pM, 4's) with mass monopole m and zero angular momentum monopole, 
unique up to isometrics, so that the null data implied by h = ^m~^[{l + 

A^)]^ + 40|)^ - Ifh and (ps = 2^m[(l + 40|f + #1)^ - 1]"^5 in a suitable 
frame as described above satisfy 

C{D^^...D^^(f)s){i) = ^jj^^...^^, ag, ...,ai = 1,2,3, g=l,2,.... 



C(L>a,...I^a3'5a2ai)(0 = ^a,...ai, a,, . . . , ai = 1 , 2, 3, g = 2,3,.... 

Two sequences of data of the form ffT^ . (fTUj) . not necessarily satisfying 
any estimates, wiU be referred to as abstract null data. 
The type of estimates imposed here on the abstract nuU data does not depend 
on the orthonormal frame in which they are given. Since these estimates are 
necessary as well as sufficient, all possible asymptotically flat solutions of the 
stationary vacuum field equations are characterized by the null data. 
In relation with the works of Corvino and Schoen [H] and Chrusciel and De- 
lay [S], as they need a family of asymptotically fiat stationary solutions to 
perform the gluing procedure, this result gives a complete survey of the pos- 
sible stationary asymptotics that can be attained, beyond the known exact 
solutions. 

As both the multipoles and the null data determine the metric and the po- 
tentials then there is a bijective map between them. Thus the sets P^, 
and T>^p, T>^p contain the same information. We prefer to work with the 
null data because the expressions are linear in and Sab- 
This work contains the static special case. Starting from ([T]) the 
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static case can be attained by making 7^ = 0, which gives = 0, 05 = 
and (f)s = 0. This imphes that all tensors in Vf^ are zero. Conversely, if all 
tensors in Vf^ are zero then all tensors in are zero and by Xanthopoulos' 
work [16] the space-time is static. So we are left with as the free data in 
the static case. 

Friedrich [7| has given the same result for the static case using a different 
conformal metric. Let us assume for now that we are in the static case, then 
Friedrich uses a metric wich is conformally related to our metric h by 



h = n^h, (17) 

where 

Q = - 



[1 + m'^Q) 2 + mQ2 



[1 + m'^Q) 2 + mQ2 + 1 

Using h he defines a sequence of symmetric trace-free tensors ^„ in the same 
way as we defined ([II]). He shows that impossing estimates of the type 
(I14p on the tensors in T>n is necessary and sufficient for the existence of an 
asymptotically flat static vacuum solution of the Einstein's equations. To see 
that this result is equivalent to our result in the static case, we have to show 
that having estimates of the type ([Hj) on the tensors in "Df imply estimates 
of the same type on the tensors in P„ and vice versa. This is done through 
the theorem 11.11 and the relation ffTTj) . If the tensors in satisfy estimates 
of the type ( fT^ then there exist h and Q analytic, and then h given by ( JTTl) 
is also analytic, thus the tensors in T>n satisfy estimates of the type ( |l4l) . 
the converse is shown in the same way using Friedrich's result. Hence this 
work generalizes the work by Friedrich [7] from the static to the stationary 
case. The procedure that we use in the present work follows similar steps 
and several of the technics in [7] will be used. For completeness we include 
them. 

Theorem 11.11 will be proven in terms of the conformal metric h. Thus we 
shall express in Section [2] the stationary vacuum field equations as 'conformal 
stationary vacuum field equations'. In Section [3] we show, by going to space- 
spinor formalism, that the abstract null data indeed determine the expansion 
coefficients of a formal expansion of a solution to the conformal stationary 
vacuum field equations. Showing convergence in this way appears difficult, 
and for this reason the problem is cast in a certain setting, which is necessarily 
singular at a certain subset of the manifold, as a characteristic initial value 
problem in Section HI In Section E] it is shown how to determine a formal 
solution to a subset of the confomal field equations from a given set of abstract 
null data. Then, in Section [6l the convegence of the obtained series is shown. 
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In Section [7] it is shown that the obtained solution satisfy the full set of 
conformal field equations. Finally, in Section [H], the convergence result is 
translated into a gauge which is regular near i, allowing us to prove Theorem 



2 The stationary field equations in the con- 
formal setting 

The existence problem will be analyzed completely in terms of the confor- 
mally rescaled metric h, so we need to express the stationary field equations 
in terms of the conformal fields. If we directly transform the fields in 
and we arrive at a system of equations that is singular at i. To overcome 
this problem we follow the work of Beig and Simon [3]. Using (fTOl) as the 
conformal factor, where by a constant conformal rescaling it can allways be 
achieved m = 1 and for simplicity we use this scale from now, and standard 
formulae for conformal transformations they manipulate the stationary field 
equations, arriving at the following equivalent system of equations: 



(18) 



TTab ■= Da(f)MDb(f)M + Da(f)sDb(j)s, 



(19) 



A0A = -^ R - ^DailD'^n + 10(1 + n)7Ta'' (j)A, A=M,S, 

! = -nRab - ^habR habDSlD^n 

-4 (n + ^ ) (^^ + l)habTlc'- - l)DanDbn + 2n\ab, 




DaR 



7D^VLDaD^,VL + 3RabD''n + 4(3^ - 2)11^ ^D^l 
-^DbflD^flDaQ - GQnabD^n - 2{7n + 4)D„7r;, ^ 



D[cRb] 



a 



2{3n - i)7T/K[bD,]n - ha[bD,pDdnD''n 

-2{n - l)ha[b7rc]dD''n - 2(2fi + l)ha[bD,]7r/ 
+2K[bD^^DdnD''n + ]^D^SlDb]DSl - ~ ^)^a[bD,^n 

+ 2nD[J^b\a + ]^Ra[bDc\n + ha[bRc\dD'^^. 
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These equations are regular even at i. They form a quasi-hnear, overde- 
termined system of PDE's which imphes, by applying formal derivatives to 
some of the equations, elhptic equations for all unknowns in a suitable gauge. 
Considering the fall-off conditions on the fields Beig and Simon [3] deduced 
a certain smoothness of the conformal fields at i. Invoking a general theorem 
of Morrey on elliptic systems of this type they concluded that the solutions 
are in fact real analytic at i. Later Kennefick and O'Murchadha [TT] showed 
that the fall-off conditions are reasonable, as they are implied by the space- 
time being asymptotically flat. To avoid introducing additional constraints 
by taking derivatives, we shall deal with the system as it is. 
For our pourposes it is convenient to make some changes to this system. We 
separate the Ricci tensor into its trace free part and the Ricci scalar. 



We also get rid of Tiab by using (|T^ in the other equations. From (fTSj) we see 
that fl, (pM and (ps are not independent, we use this equation to get rid of 
(pM in the other equations. With these changes and the change of notation 
4>s ~^ 4> the system of equations takes the form 



Sab + -habR- 



(20) 





(21) 
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DaR (22) 
2(4 + 7n)(t)D''nDhDa(t) - 4(1 + ^])(4 + m)D^(l)DkDa(t) 



+ [3 + (-3 + 7^])02] D^'fi^j^ - 2(](4 + 7n)(j)D''(j)Sba 

+-(4 + 7Q)(f)^RDaQ - -(1 + ^])(4 + 7Q)(j)RDa^ 
3 3 

-2(f) [-18(1 + ^]) + (46 + 61fi + 21fi2)02j D^[iDb(pDan 
+2(1 + r]) [-24(1 + ^]) + (52 + Qin + 21^^)0^] D^(j)Db(l)Dan 
-0 [12(1 + VL) + (16 + 61^] + 2m2)02j D^^DbVtDa(t) 
+4(1 + f]) [6(1 + r]) + (22 + 6m + 2m2)02j D'TlDbcfiDacf) 
- 4(1 + fi)2(28 + 61^] + 2m2)0L)VA0^a0} , 

-^(1 + ^])0/^,[,D,]D,0D'^^] + ^(1 + nyha[tD,]Dd(i)D''(i) 
+^[1 + (-1 + n)<j)^]Sa[bD,]n - n^<i)Sa[bD,]<f) 
-hi^^Ki^s^^.D^n + ^fi(i + n)ct>Ki,s,^dDU 
+-3-(-2 + fi)0'm„[f,D,]^] - ^(-2 + fi)(i + fi)0m,[feD,]0 

io y 

+2^DanDih^D^]4> - 4(1 + Q)Da4>Dib^Dc 

1 

9{l + Q-(f)^y {2' 
-0[6(1 + + (-13 - 4fi + 6fi2)0>a[bDe]0^'^fi^df^ 
-2(-7 - 4r] + m'^)(l)^ha[bD^fLD'^VLDd(l) 
+4(1 + r])2[3 + 2(-5 + 3f])02]/i„[bDc]0I^'^f^^d0 
+2(1 + fi)[-3(l + r]) + (-4 - 4^] + 6(]2)(/)>„[5£'c]f^^'^0^d^ 

- 4(1 + VLf{-7 - 4fi + Qn'^)(l)ha[bDc](l)D'^(t)Dd(f 

Besides f l20|) . fl2T]) . fl22|) . fl23|) we need an equation for the metric or for the 
frame field and the connection coefficients. This equation is 

Rab[h] = Sab + \habR, (24) 
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+ 7^7r-T^ i o</''[3 + 2(-5 + ?,n)<P^]K[bD,^nD''nDdn 



where the expression on the left hand side is understood as the Ricci operator 
acting on the metric h. 

The system of equations (El), ([20]), ([2]), (122]), ([23^ together with conditions 
dl]), which imply 

= - (6 + 8D>D,0) |i, (25) 

will be referred to as the conformal stationary vacuum field equations for the 
unknown fields 

hab, 0, ^, R, Sab- (26) 



3 The exact sets of equations argument 

To see that it is possible to construct solutions to the conformal stationary 
vacuum field equations from the null data we study expansions of the con- 
formal fields ( l26l) in normal coordinates. 

We assume from now on N to be small enough to coincide with a convex 
/i-normal neighbourhood of i. Let Ca, a = 1, 2, 3, be an /i-orthonormal frame 
field on which is parallelly transported along the /i-geodesics through i and 
let denote normal coordinates centered at i so that c'' a= {dx^, Ca) = a 
at i. We refer to such a frame as normal frame centered at i. Its dual frame 
will be denoted by = X*^ bdx'^. In the following all tensor fields, except 
the frame field Ca and the coframe field x'^^ will be expressed in terms of this 
frame field, so that the metric is given by hah = h{ca, Cb) = — 5ab- With 
Da = denoting the covariant derivative in the Ca direction, the connec- 
tion coefficients with respect to Ca are defined by DaCc = Fa'^cCb- 
An analytic tensor field Ta^...a^. on has in the normal coordinates x"" a 
normal expansion at i, which can be written 

Ta,...a,(x) = V^-a:'^^^c,...I^c,Ta,...a,(0, (27) 

where we assume from now on that the summation convention does not 
distinguish between bold face and other indices. 

Since hah = —^ah it remains to be seen how to obtain normal expansions for 

0, R, Sah, (28) 
using the field equations and the null data. 

The algebra simplifies considerably in the space-spinor formalism. To do the 
transition we introduce the constant van der Waerden symbols a^^ a, c^"" ab, 
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a = 1,2,3, A, B = 0, 1, which are symmetric in AB and whose components, 
if readed as matrices, are 

1 l/^-10\2 l/^0\3 i/Ol\ 

The relation between tensors given in the frame Ca and space-spinors is made 
by T-i-"-bi...b, ^ T^''''-^'''' c,D,...c,D„ where 

j.AiBi...A,B, ^^^^ ^^^^ ^ rai...a, ^^^^i^i ^^...q,". 

With the summation rule also applying to capital indices we get 

S'' a — Ol'' ABOi^^ a, —Kh^i^ ABOI^ CD — —^A{C^D)B = hABCD, 

a, 6 = 1,2, 3, A,B,C,D 

where the constant e-spinor satisfies eab — —^ba, eoi = 1- It is used to 
move indices according to the rules lb — l^^ab, i-^ — ^^^i-B, so that €a^ 
corresponds to the Kronecker delta. 

As the spinors are in general complex, we need a way to sort out those that 
arise from real tensors. For this we define 

AA' ^ A^ A' A^ A' 

T — +6161 . 

Primed indices take values 0, 1 and the summation rule also applies to them. 
A bar denotes complex conjugation and indices acquire a prime under com- 
plex conjugation, an exception being e^'s', the complex conjugate of eab- 
We define 

^A...H^^A --Th ^A'...H'- 

Then a space spinor field TaiBi...ApBp = T(^AiBi)...{ApBp) arises from a real 
tensor field Ta^.^ap if and only if 

TAiBi...ApBp = {-'^yT^iBi...Aj,Bj,- (29) 

Any spinor field Ta...h admits a decomposition into products of totally sym- 
metric spinor fields and epsilon spinors which can be written schematically 
in the form 

Ta...h — T(^A...H) + e's X symmetrized contractions of T. (30) 
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It will be important that if Ta^Bi...ApBp arises from Ta^...ap then 

T{AxBx...ApBp) = (^(Ta^^.a^)""^ AiBi A^Bp- 

To discuss vector analysis in terms of spinors, a complex frame field and its 
dual 1-form field are defined by 

„ „ a „ ^AB ,,a 

C-AB — ylfiCa, X — " aX ! 

SO that h{cAB,ccD) = h-ABCD- From this one sees that Cqo and Cn are null 
vectors orthogonal to cqi- The derivative of a function / in the direction of 
Cab is denoted by cabU) = f,aC°'AB and the spinor connection coefficients 
are defined by 

^Ab'~^ D = ^^a^ c<^'^ ABOi^^ bOi'^ DH, ^ABCD = ^{AB){CD), 

then the covariant derivative of a spinor field is given by 

Dabi^^ = cab{l'~^) + ^AB ^ Bt-^- 

If it is required to satisfy the Leibniz rule with respect to tensor products, 
then covariant derivatives in the Ca-frame formalism translate under contrac- 
tions with the van de Waerden symbols into spinor covariant derivatives and 
vice versa. We also have 

[DcdDef - DefDcdK = R bcdefl , (31) 

RaBCDEF = \ \XSaBCE — \RhABCE^ ^DF + {SaBDF — \RhABDF) ^Ce'\ , 

(32) 

where R is the Ricci scalar of h and Sabcd = SahO^AB^CD — S(abcd) repre- 
sents the trace free part of the Ricci tensor of h. 
Equations fpU|) . fl2Hl) take in the space-spinor formalism the form 



D"" bDap(P = -\eAB(piR 



^(p^DpQQD^^n (33) 



4 I ' 1 + ^ _ 02 

- (1 + n)(f)D^'^nDpQ(f) + (1 + nfDpQ(f)D^'^ 
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D^'aSbcdp (34) 
+ (1 + fi)0DpQfiD(Bc^''^0eDM - 2(1 + ^fDpQ<pD(BcD'''^<P^D)A 

+ ^ [1 + (-1 + Da ""nSpBCD - ^'<PDa ""(pSpBCD 

+ ^Q(P^D'''^QSpQ(^BCeD)A - ^{l + n)<PD'''^<f)SpQ^BC^D)A 
+ 1(1 + n)(l)^RD^BC^eD)A - + ^f(l)RD^BC(l>eD)A 



+20 {Da ""(PDp^b^DcdP - Da ''VIDp^b^Dcd) 
+4 (1 + fi) [Da ''nDp^B<pDcD)(p - Da ''(PDpf^B'pDcD)^) 

-1(14 + 23^ + 3Q^)(j)^D^^QDpQ(j)D(^BC^eD)A 

+ ^(1 + n) [6(1 + + (8 + 23^] + 3^2)0'] D^^(t)DpQ(t)Df^Bc^eD)A 

-^0 [-12(1 + 1]) + (26 + 23fi + 31)2)02] /^^'Qf^/^^Qfi/^^^^^e^^^ 

+ 1(1 + n)2 [-6 + (20 + 31])02] D^Ql]DpQ0D(Bc0eDM 

-1(1 + 1])2 (14 + 2?>n + 31]2) 0Z}^Q0Z)pQ0D(Bc0eDM} • 

Equations ( I2T1) . ( !22|) are translated into the space-spinor formalism by making 
the index replacements a AB, b CD, c EF. 

We use equations ( l33l) . ( l34l) . the spinor version of equations ( l2Ti) . ( 122|) and 
the theory of 'exact sets of fields' to prove the next result. 

Lemma 3.1. Let there be two given sequences 

= {'^AiBi,i'A2B2AiBi,'ipA:iB-iA2B2AiBi, ■■■}, 
'^n = A2B2AiBi,'^ AsB3A2B2AiBi,'^ A4B4A3B3A2B2A1B1, •••}, 

of totally symmetric spinors satisfying the reality condition ([21]) ■ Assume 
that there exists a solution h, 0, Vt, R, Sabcd to the conformal stationary 
field equations (El) , ((201) , (EI]) , ([221) , ([231^ satisfying (^,(^ so that the spmors 
given by V^V^ coincide with the null data V^*,V^* given by of 
the metric h in terms of an h-orthonormal normal frame centered at i, i.e., 

1pA^B^...A^Br = D(^ApBp--DArBr)(l){i), P > 1, (35) 

14 



'^ApBp...AiBi - D(^ApBp---DA3BsSA2B2AiBi)ii), P > 2. (36) 

Then the coefficients of the normal expansions (1271) of the fields (1281) . 

DApBp---DaiBi<P, DapBp---DaiBi^, D ApBp- --D AiB^R-, 
DApBp---DAiBiSABCD{i), P > 0, 

are uniquely determined by the data V^, and satisfy the reality conditions. 

Proof It holds (f){i) = 0, Dab4>{T') = i^AB and S'abcd(«) = "^abcd by as- 
sumption and the expansion coefficients for Q and R of lowest order are 
given by (jlj) and (|25i) . Assume the expansion coefficients of and Q up to 
order p and the expansion coefficients of R and Sabcd up to order p — 1 are 
known. 

To discuss the induction step we start with DAp^iBp+i---DAiBi(t>i'^) aud its de- 
composition in the form flHUj) . By assumption, the totally symmetric part of 
it is given by 4'Ap+iBp+i...AiBi- The other terms in the decomposition contain 
contractions. Let's consider Ai contracted with Aj. We can commute the 
operators D^^.b^ and Da b with other covariant derivatives, generating by 
(13 ip and (1321) only terms of lower order, until we have 

Dap+iBp+i---Da,+iB,+iDa^_^B,^i---Daj+iBj+iDaj^^Bj^i---DaiBiD^ B,DpB^(j){i). 

Equation then shows how to express the resulting term by quantities of 
lower order that are already known. 

For DAp+iBp+i---DAiB^^{i) and DApBp---DA^B^R{i) we just use the spinor ver- 
sions of (|2Ti) and ( |22l) to express them by quantities of lower order. 
Finally, dealing with DApBp---DA^BiScDEF{i) is quite similar to 
D Ap+iBp+i - --D AiBi'Pi'i) ■ The symmetric term is known by the data. If a con- 
traction is performed between a derivative index and one of C, D, i?, F then 
is used after interchanging derivatives. If the contraction is between two 
derivatives, the general identities 

Dh(aD^ B)SsDEF = —'^Sh(CDeSf) ^ AB + \RSH(CDEhF) ^ AB, 

DabD^^ ScDEF = —2Dp '^Dq ^ Scdeh + 5Sch{cdSe)f '^^ + \RScdef-, 

implied by flHTj) . flH2|) . together with flM|) show that the corresponding term 
can be expressed in terms of quantities of lower order. The induction step is 
completed. 

That the expansion coefficients satisfy the reality condition is a consequence 
of the formalism and the fact that they are satisfyed by the data. □ 
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In order to show the convergence of the formal series determined in the 
previous Lemma we need to impose estimates on the free coefficients given 
by Vf^^V^. For this we have the following result. 

Lemma 3.2. A necessary condition for the formal series determined in 
Lemma \3. 1\ to he absolutely convergent near the origin is that the data given 
by V^, satisfy estimates of the type 

WApBp..MBA < P= 1,2,3,..., (37) 

\'^ApBp...AiB^CDEF\ < , P = 0, 1, 2, (38) 

with some constants M,r > 0. 

We skip the proof of this lemma because it uses the same argument as 
the proof of Lemma 3.2 in [7j. 

Lemma 13.11 shows that the null data determines a formal solution to the 
stationary field equations. As shown by Beig and Simon [5], the multipole 
moments do the same. Thus there is a bijective map G from the null data to 
the multipoles sequences, 9 : {V^,V^} {T^mpi'^mp} ■ Instead of using this 
argument, we can try to gain more information on the relation starting from 
©, ([7]). It is convenient to work in space-spinor form, that means that we are 
using the /i-orthonormal frame and normal coordinates previously defined. 
We get the following result. 

Lemma 3.3. The spznor fields P^^b^ ^^b^, PapBp...AiBi' neari, given by dHD, 
([7]), are of the form 



\pBp...A\tS\ 

^ [l + n- 02)-^ (1 + 2fi - 02) D^ApBp...DA,B,SA,B,A,B,) 



PapBp...AiBi (39) 
1 
2 



-{l + n-<j)y^^<f)D^ApBp...DA,B,)<P 

+ (1 + ^] _ 02^)"! ^ _ 2^2^) D^ApBp^DAp_,Bp.,...DA,B,)Ct> 

- (1 + - 02)-^ (1 + n){p- 2fi2) Di^ApBpCt>DAp_,Bp.,...DA,B,)(l> 

+-^i^Bp...AiBi, P ^ 3, 

PtBp...A,B, = D^ApBp:.DA,B,)(p + F^^b^^^^a^Bv ^ > 2, (40) 

with symmetric spinor-valued functions Pa^Bp AiBi '^'^^ ^ApBp AiSi ■ 
function PApBp...AiBi' P > 'i, is at each point a real linear combination of 
symmetrized tensor products of 

D{Ag-iBg-i---DAiBi)<P, Di^AgBg-'-DA^B-sSAiBiAiBi), DaB^, 2 < g < p - 1, 
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with coefficients that depend on and (p. The function F^^^^ AiBi' P ^ 2, 
is a real linear combination of symmetrized tensor products of 

D(Ag.2Bg-2---DAiBi)<P, D(^AgBg---DA3B3SA2B2AiBi), '2 <q <p. 

Proof. From ffT^ we get 

0M = + 

and by direct calculations from © we see that (IHUl) is valid for p = 3 
and that (HUl) is valid for p = 2, with the stated properties for -^a3B3A2B2^iBi 
and Fa2B2AiBi- Assuming that the lemma is true for p < k, inserting ( l39l) 
and (l40l) into the recursion relation (JTj), and using the symmetrized spinor 
version of (|2T1) . we see that the lemma is true for p = k + 1. □ 

Using dSD, dZD, dH]) and the identification (IHUj) we get for the lower 

order multipoles 

^a[bi = 0? ^MBiAiBi = -l^A2B2AiBi " ^'(AiBii' A^B^), (41) 
^MBsAiBiA^B^ = -^'^A3B3A2B2AiBi - i'{A3B3i^A2B2AiBi), (42) 
^^IiBi = ^^iBi' ^A2B2AiBi = i^A2B2AiBi- (43) 

Also restricting (!39l) and (HOl) to i and with the identification (!35l) . (!36l) we 

get 

^ApBp...AiBi = ~2'^ApBp...AiBi - Pi'iApBpi^Ap-iBp-i...AiBi) (44) 

~^fApBp...AiBiJ P > 3, 
^ApBp...AiBi = ^ApBp...AiBi + fApBp...AiBi^ P > 2, (45) 

where fApBp...AxBv P > 3, is a real linear combination of symmetrized tensor 
products of 

V'A,_iB,-i...AiBi, *A,B,...AiBi, 2<g<p-l, 

and /I 

,_B„...AiBi5 P > 2, is a real linear combination of symmetrized tensor 
products of 

Equations fj^Tj) . (HHj) . (jU]) and fH3|) give a nonlinear map 0, that can 

be read as a map 

of the set of abstract null data into the set of abstract multipoles (i.e., se- 
quences of symmetric spinors not necessarily derived from a metric). Now is 
fairly easy to show that the map can be inverted. 
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Corollary 3.4. The map G that maps sequences of abstract null data {Vf^, "D^} 
onto sequences of abstract multipoles {T^mp^T^mp} bijective. 

Proof From m, dH we see that f^is^A^B^MB, = 0, fiB,MB^ = 0, with 
this and the stated properties for f^^ ...AiBi f^ ^ ...a^Bi inverse for 
can be constructed inverting the relations (jHj) and ffel) recursively. □ 

Hence, for a given metric /i, the sequences of multipoles and the sequences 
of null data in a given standard frame carry the same information on h. As 
said, we prefer to work with the null data because they are linear in and 
Sabcd- 

4 The characteristic initial value problem 

After showing that the null data determine the solution, one would have to 
show that the estimates (1371) . ( l38l) imply Cauchy estimates for the expansion 
coefficients 

\DA,B,-DMB,Tit)\<^, Ap,Sp,...,Ai,5i = 0,l, p = 0,l,2,..., 

where T is any of 0, Q, R, Sabcd- This would ensure the convergence of the 
normal expansion at i. The induction procedure used so far for calculating 
the expansion coefficients from the null data generates additional non-linear 
terms each time one interchanges a derivative or uses the conformal field 
equations. Thus, it does not seem suited for deriving estimates. Instead, we 
use the intrinsic geometric nature of the problem and the data to formulate 
the problem as a boundary value problem to which Cauchy-Kowalevskaya 
type arguments apply. 

As the fields h, 0, Q, R, Sabcd are real analytic in the normal coordinates 
x° and a standard frame cab centered at i, they can be extended near i by 
analyticity into the complex domain and considered as holomorphic fields on 
a complex analytic manifold Nc- Choosing Nc to be a sufficiently small neigh- 
bourhood of i, we can assume the extended coordinates, again denoted by 
x"', to define a holomorphic coordinate system on which identifies with 
an open neighbourhood of the origin in C. The original manifold N is then 
a real, 3-dimensional, real analytic submanifold of the real, 6- dimensional, 
real analytic manifold underlying Nc- Under the analytic extension the main 
differential geometric concepts and formulas remain valid. The coordinates 
and the extended frame, again denoted by cab, satisfy the same defining 
equations and the extended fields, denoted again by h, 0, Q, R, Sabcd, sat- 
isfy the conformal stationary vacuum field equations as before. 
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The analytic function F = 6abx"'x^ on extends to a holomorphic function 
on A^c- On it vanishes only at i, but the set 

M = {pe N,\T{p) = 0}, 

is an irreducible analytical set such that Afi\{i} is a 2- dimensional complex 
submanifold of Nc- It is the cone swept out by the complex null geodesies 
through i and we will refer to it as the null cone at i. 

Now let u — >• x"('u) be a null geodesic through i such that x°(0) = 0. Its 
tangent vector is then of the form x^^ = l^l^ with a spinor field = l^{u) 
satisfying D±l^ = along the geodesic. Then 

<Piu) = (46) 

So{u) = x'^x'Sabixiu)) = t^L^'L^L^'SABCDixiu)), (47) 

are analytic functions of u with Taylor expansion 

M = E V?^(0), Soiu) = V V?^(0)' 

p=0 ^ p=0 ^ 

where 



duP 



dPS, 



0(n\ _ ,ApRp ,Ai Bi,C D B Fr-) p, o {■\ 

-^^(Uj — 6 "L "...L L L L L L V{ApBp- ■ ■^AiBiOCDEF){i) ■ 

This shows that knowing these expansion coefficients for initial null vectors 
L^L^ covering an open subset of the null directions at i is equivalent to know- 
ing the null data V^, of the metric h. 

Our problem can thus be formulated as the boundary value problem for the 
conformal stationary vacuum equations with data given by the functions ( H6l) . 
( H71) on Afi, where the l^l^ are parallely propagated null vectors tangent to 

M- 

Mi is not a smooth hypersurface but an analytic set with a vertex at the 
point 2, and we need a setting in which the mechanism of calculating the 
expansion coefficients allows us to derive estimates on the coefficients from 
the conditions imposed on the data. That is done in the next subsections. 

4.1 The geometric gauge 

We need to choose a gauge suitably adapted to the singular set Ni. The 
coordinates and the frame field will then necessarily be singular and the 
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frame will no longer define a smooth lift to the bundle of frames but a subset 
which becomes tangent to the fibres over some points. 

We will use the principal bundle of normalized spin frames SU{N) ^ N 
with structure group SU{2), which is the group of complex 2x2 matrices 
{s"^ b)a,b=o,i satisfying 

eABS^ CS^ D = ecD, TaB'S^ cS^' D' = TCD'- (48) 

The 2 : 1 covering homomorphism of SU{2) onto 50(3, M) is performed via 

SU{2) 3s^B^s% = ABS^ cs^ Da^^ b e S0{3,R). 

Under holomorphic extension the map above extends to a 2 : 1 covering ho- 
momorphism of the group SL{2, C) onto the group 5*0(3, C), where SL{2, C) 
denotes the group of complex 2x2 matrices satisfying only the first of con- 
ditions fHHl) . 

A point 5 G SU (N) is given by a pair of spinors 6 = {6q, 6^) at a given point 
of N which satisfies 

e{SA,SB) = eAB, e(5yi,5^,) = tab', (49) 

and the action of the structure group is given for s E SU (2) by 

6 ^ 5 ■ s where {6 ■ s)a = a^b- 

The projection vr maps a frame 6 into its base point in A^. The bundle of spin 
frames is mapped by a 2 : 1 bundle morphism SU{N) ^ SO{N) onto the 

7r' 

bundle SO{N) — > N of oriented, orthonormal frames on so that n'op = n. 
For any spin frame 6 we can identify by fHUj) the matrix {S^)a,b=o,i with an 
element of the group SU{2). With this reading the map p will be assumed 
to be realized by 

SU{N) 3 6 ^ p{6)ab = Sf6^CEF G SO{N), 

where cab denotes the normal frame field on introduced before. We refer 
to p{6) as the frame associated with the spin frame 6. 

Under holomorphic extension the bundle SU (N) ^ N is extended to the 
principal bundle SL{Nc) of spin frames 6 = {6q, 6^) at given points 

of Nc which satisfy only the first of conditions ( 149|) . Its structure group is 
SL{2, C). The bundle SU{N) ^ N is embedded into SL{Nc) ^ as a real 
analytic subbundle. The bundle morphism p extends to a 2 : 1 bundle mor- 
phism, again denoted by p, of SL{Nc) Nc onto the bundle SO{Nc) Nc 
of oriented, normalized frames of Nc with structure group 50(3, C). We shall 
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make use of several structures on SM{Nc). 

With each a e s/(2,C), i.e., a — {a^ b) with aAB — ckba, is associated a 
vertical vector field Za tangent to the fibres, which is given at 5 e SL{Nc) 
by Za{S) = ^(5-cxp(?;Q;))|^=o, where v e C and exp denotes the exponential 

map s/(2,C) '^ 5L(2,C). 

The C^-valued soldering form a^^ = a^^^^ maps a tangent vector X G 
TsSL{Nc) onto the components of its projection Ts{tt)X e Tjr(^s)^c in the 
frame p{5) associated with S so that Ts{7r)X — {a"^^ , X)p{S)ab- It follows 
that = for any vertical vector field Z^. 

The s/(2, C)-valued connection form uj^ b on SL{Nc) transforms with the 
adjoint transformation under the action of SL{2, C) and maps any vertical 
vector field Z^ onto its generator so that {u^ b, Z^) — b- 
With x^^ — a:^^^) e is associated the horizontal vector field on 
SL{Nc) which is horizontal in the sense that {u"^ b,Hx) = and which sat- 
isfies ((T^^, Hx) = x^^ . Denoting by H^b, A,B = 0, 1, the horizontal vector 
fields satisfying {a^^^Hco) = h^^ cd, it follows that = x^^Hab- An 
integral curve of a horizontal vector field projects onto an /i-geodesic and rep- 
resents a spin frame field which is parallelly transported along this geodesic. 
A holomorphic spinor field on Nc si represented on SL{Nc) by a holomor- 
phic spinor-valued function V'Ai...a ('5) on SL{Nc), given by the components 
of ip in the frame 5. We shall use the notation ipk = '4'{Ai...Aj)kJ ^ = 0, .., j, 

where ( )k denotes the operation 'symmetrize and set k indices equal to 1 

the rest equal to These functions completely specify -0 if is symmetric. 
They are then referred to as the essential components ofip. 

4.2 The submanifold N of SL{Nc) 

Using the available geometrical structure wc construct a three-dimensional 
submanifold of SL{Nc) in such a way that it induces coordinates in Nc- 
By the construction procedure the induced coordinates are suitable adapted 
to the set J\fi. 

We start by choosing a spin frame 6* such that n{S*) = i and p{S*)ab — cab- 
The curve 

C3v^ 5{v) = 5* ■ s{v) e SL{N^), 

s{v) = expiva) = (^^ J^, a=(^J 5/(2, C), (50) 

defines a vertical, 1-dimensional, holomorphic submanifold / of SL{Nc) on 
which V defines a coordinate. The associated family of frames eAB{v) at i is 
given by eAsiv) = a{v)s^ b{v)ccd, and exphcitly by 

eoo = Coo + 2fCoi v^cii, eoi{v) = cqi + vcu, eii(f) = cn. 
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We perform the following construction in a neighbourhood of /. If it is chosen 
small enough all the following statements will be correct. 
The set / is moved with the flow of Hn to obtain a holomorphic 2-manifold 
Uo of SL{Nc). We denote by w the parameter on the integral curves of Hn 
that vanishes on /, and we extend v to Uq by assuming it to be constant on 
the integral curves of Hu. All these integral curves are mapped by n onto the 
null geodesic j{w) with affine parameter w and tangent vector 7'(0) = Cn 
at 7(0) = i. The parameter v specifies which frame fields are parallelly 
propagated along 7. 

Uo is now moved with the flow of Hqo to obtain a holomorphic 3-submanifold 
N of SL{Nc). We denote by u the parameter on the integral curves of Hu 
that vanishes on Uq and we extend v and w to TV by assuming them to be 
constant along the integral curves of i^oo- The functions — u, z'^ — v, — 
w define holomorphic coordinates on TV. We denote again tt the restiction of 
the projection to A^. 

The projections of the integral curves of Hqq with a fixed value of w sweep 
out, together with 7, the null cone J\f^[w) near 7(w), which is generated by 
the null geodesies through the point 7(w). On the null geodesies u is an 
affine parameter which vanishes at 7(w) while v parametrizes the different 
generators. The set Wo = {w = 0} projects onto A/i\7 and will define 
the initial data set for our problem. The map tt induces a biholomorphic 
diffeomorphism of N' = N\Uo onto 7i{N'). The singularity of the gauge at 
points of Uq consists in tt dropping rank on Uq, where dy — Z^- The null 
curve '~f{w) will be referred to as the the singular generator of Mi in the gauge 
determined by the spin frame 6* resp. the corresponding frame cab o-t i. 
The soldering an the connection form pull back to holomorphic 1-forms on 
N, which will be denoted again by cr^^ and u"^ b- If the pull back of the 
curvature form ^ = ^r"^ bcdefO''^^ A a^^ to N is denoted again by b, 
then the soldering and the connection form satisfy the structural equations 

j„AB , A . CB , B . AC j, A , A i\ , ,C j_ 

Using the way in which N is constructed, and in terms of the coordinates 2;", 
we get a"^^ = a^^ adz"' on TV', where 

{a^^a)^ a^S aO^s = u + 0{u^) Oiu") as ^ 0. 

\oo iy\o 1 I 

On TV' there exist unique, holomorphic vector fields bab which satisfy 

I^AB ^ \ lAB 

{cr , ecD) = 11 CD- 
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If one writes e^B = e'* Asdz"-, then 

/ 1 e^oi e^n \ / 1 0{u') 0{u') \ 
(e%B)= e%i eSi = + OH OH as m 0. 
\00 l/\0 1/ 

We shall write 

e AB — e AB + e ab, 

with singular part 

o*a _ 0^ , -'^ 0^ 1 , 1 1 

e AB — d^eA €b + 02-€tA ^B) + O^eA €b , 

U 

and holomorphic functions as on iV which satisfy 

6% = 0{u) asu^O. (51) 

We define the connection coefficients on N' by uj"^ b = ^cd"^ b^^^ with 
^CDAB = {^AB, ccd), SO that Tabcd = ^(AB)iCD), and from the definition of 
the frame 

TooAB = on iV, TuAB = on f/o, 

and it follows that 

^ABCD = ^ABCD + ^ABCD, 

with singular part 

r* — 0^ 1^ 0^ 

^ ABCD — --^{A (-B) ec CD , 

and holomorphic functions Tabcd on iV which satisfy 

Tabcd = 0{u) as m ^ 0. (52) 

4.3 Tensoriality and expansion type 

As the induced map tt of N into is singular on Uq, not every holomorphic 
function of the z"' can arise as a pull-back to of a holomorphic function 
on Nc- The latter must have a special type of expansion in terms of the 
which refiects the particular relation between the 'angular' corrdinate v 
and the 'radial' coordinate u. We take from [7] the following definition and 
lemma. 
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Definition 4.1. A holomorphic function / on iV is said to be of f- finite 
expansion type kf, with kf a.n integer, if it has in terms of the coordinates 
u, V, and w a Taylor expansion at the origin of the form 

oo oo 2m+kf 

where it is assumed that fm,n,p = if 2m + kf < 0. 

Lemma 4.1. Let be a holomorphic, symmetric, spinor-valued func- 

tion on SL{Nc). Then the restrictions of its essential components (pk = 
<PiA^...Aj)k, 0<k<j, to N satisfy 

dv4>k = (j - k)(t)k+i, k = 0, j, on Uq, 

(where we set (pj+i = 0) and (pk is of expansion type j — k. 

4.4 The null data on Wq 

As we have seen, prescribing the null data is equivalent to knowing (p and 
5*0 in the null cone. Now we need to know how this fit into our particular 
gauge. For this we derive an expansion of the restriction of (p and to the 
hypersurface Wq. 

Consider the normal frame cab on near i which agrees at i with the frame 
associated with S* and denote the null data of h in this frame by 

l^t = {DlA^B,...DXB.)m. P = 1, 2, 3, ...}, 

T^n = {DU.B,-DXB,S\^CD)i^), P = 0,1,2,3,...}. 

Choose now a fixed value of v and consider s{v) as in flSOp . then the vector 
Hqq{6* ■ s) projects onto the null vector cqo = s"^ qS^ qCab at i and is tangent 
to a null geodesic rj = ri{u, v) on A/i with affine parameter u, u = a.t i. The 
integral curve of Hqo through 6* ■ s projects onto this null geodesic. Using 
the explicit expression for s = s{v) follows that 

(p{u,v) = (pUu,v) = ^—u"'Dl^oMv(o,v) 

m=0 

oo ^ 

= E ^^^""^^"^ ^''"^ 0-^^^ 0^^^ oDU^B^...D*^^B^^<p{^ 

oo 2m, 

= EE^™'«^"^"' (53) 

m=0 n=0 
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with 



m,n 

m 



1 /2m\ 

^ )DlA^B^...DXs,)J{^). < n < 2m. 



In the same way 



Sq{u,v) = 5*0000 1 77(n,i,) (54) 

oo 2m+4 

_ „A „B C „D Q* I _ \ ^ \ ^ ,T, „,m.,n 

— S qS oS qS QiJABCD\ri{u,v) — 2-^ ^ m,n"' V , 



m=0 n=0 

with 

1 /2m + 4' 
m! V n 



/2m + 4\ 

[ ^ )dIa^b^...DXb,S\bcd)M 0<n<2m. 



This shows how to determine (p{u,v), So{u,v) from the null data V^*,!)^* 
and vice versa. 



5 The conformal stationary vacuum field equa- 
tions on 

Now we can use the frame calculus in its standard form. Given the fields 
(p, R and Sabcd, and using the frame cab and the connection coefficients 
^ABCD on TV, we set 

TABCDEF = e.CD{yEFAB) — ^EpiyCDAB) + ^ EF ^ C^DKAB 

+'^EF ^ D^CKAB — TcD ^ E^KFAB — ^CD ^ F^EKAB 

I "n "n K j-^ I GH -n 

+i EF Bi- CDAK — i- CD Bi- EFAK — tCD EFi- GRAB, 

and we define there the quantities Iab^^ cd, Rabcdef, ^ab, ^ab, ^ab, 
Hab, ^abcd and Habcd by 

tAB CDG-^ EF = '2'Tab ^ (Ce" D)E — 2rc£) ^ (ac"' b)E 

CD,b^ AB + e AB,b^ CD, 



Rabcdef = tabcdef — - 



SaBCE — -RhABCE ] ^DF 



+ (^SaBDF — -^RhABDF^ €cE 
Aab = Dab(I) - (j)AB, 
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^AB = Dab^ — ^ 



AB, 



^AB = D'' BCt>AP + \eAB(l> + 1 ^ ^2 l^'^^PQ^^^"^ 

-(1 + l])01]^«0pQ + (1 + nf(t>PQ(t>'''^ 



2{4 + 7Q)<PQ'''^Dab(Ppq 



-4(l + fi)(4 + 7r])0^«Z)AB0PQ 

+[3 + (-3 + 70)(/.2]0^«5pQAB - 20(4 + 70)#^«5pQ^B 
+^(4 + lQ)(t>''mAB - \{l + Jl)(4 + 19)ct>R(t>AB 



1 



3(1 + 1] - 02)2 ^ 2 ["^^ + (40 + 2m)0^] n^^npQ^AB 

-20 [-18(1 + 1]) + (46 + QIVL + 2ir]2)02j f^^Q^^^f]^^ 
+2(1 + VL) [-24(1 + n) + (52 + 6m + 2^2)0^] 0^^0pq1^as 
-0 [12(1 + fi) + (16 + + 2ir]2)0=^] r]^^fipQ0AB 
+4(1 + Vl) [6(1 + 1^) + (22 + 6m + 210^)02] n^^(j)pQ(j)AB 

-4(1 + Q)2(7 + 3Q)(4 + 7Q)00^^0pq0ab|, 



MBCD = Dab^CD + ^SaBCD + -^{^ + ^)RhABCD 

[1 + (-1 + n)<j)^] nAB^cD 



1 + n - 02 [ 2 

-n^0(nAB</'CD + ^CD(f>AB) + 2Q^(1 + 11)0AB0CD 



--(2 + 3n) 



-02npQn^« - (1 + n)0npQ0^'3 



+ (1 + Q)'0PQ0^« 



hABCD 
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Habcd = aSbcdp 

~ 1 + Q _ 02 I ^^^A ^D^BC<f>D)P - 21^(1 + ^)4>A ^D(BC4>D)P 

+(1 + Q)(/)QpQL'(Bc0''^eD)A - 2(1 + Q)'0PQL>(sc0'''^eD)A 
+^ [1 + (-1 + Q)<p^] Qa'^Spbcd - ^'<P<Pa''Spbcd 

+ ^n(f)^n^^SpQ^BCeD)A - ^{1 + ^)(t>(t>^^SpQ^BCeD)A 

+ + fi)02i?i7(BceBM - + ^?<PR<P{BC^D)A 

+2(f) {(pA ^flp(B^CD) — ^A ^^P{B(pCD)) 

+4(1 + {^Ia ^4>P{B(j)CD) - (t>A ^4>P{B^CD)) 

^ \<P^ [-6 + (20 + 3Q)0'] Q^^QpQQ(Bcei?M 



3(1 + 0-02)2 

-^(14 + 230 + 3O2)03^PQ^^^^^^^^^^^ 

+ ^(1 + Q) [6(1 + O) + (8 + 230 + 30^)02] 0^«0pQO(pcei?M 

-^0 [-12(1 + O) + (26 + 230 + 30^)02] 0^'30pQ(/)(BceD)A 
+(1 + 0)2 [-6 + (20 + 30)02] Q^Q0pQ0(^^e^)^ 

_(1 + (7 + O) (2 + 30) 00^^0PQ0(BceD)^ 



The tensor fields on the left hand side have been introduced as labels for 
the equations and for discussing in an ordered manner the interdependencies 
of the equations. In terms of these tensor fields, the conformal stationary 
vacuum equations read 

tAB CD^"' EF — 0, RaBCDEF — 0, Aab — 0, T,AB — 0, 

^AB — 0, Uab — 0, "^ABCD — 0, Habcd — 0. 

The first equation is Cartan's first structural equation with the requirement 
that the metric conexion be torsion free. The second equation is Cartan's 
second structural equation, requiring the Ricci tensor to coincide with the 
appropriate combination of the trace free tensor Sab and the scalar R. The 
third and fourth equations define the symmetric spinors (^ab and O^^ re- 
spectively. The rest of the equations have already been considered. 
We want to calculate, using our particular gauge, a formal expansion of the 
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conformal fields using tlie initial data in the form (j){u,v), Sq{u,v). As the 
system of conformal stationary vacuum field equations is an overdetermined 
system, we have to choose a subsystem of it. In the rest of this section we 
choose a particular subsystem, writing the chosen equations in our gauge, and 
at the end we see how a formal expansion is determined by these equations 
and the initial data. 

5.1 The ^400 = equation 

The first equation that needs particular attention is the equation Aqq = 0. 
In our gauge it reads 

9«0 = 000- 

This equation is used in the following to calculate 0oo each time we know (f) 
as a function of u. In particular, as will be prescribed on Wq as part of the 
initial data, this equation allows us to calculate 0oo there inmediately. 

5.2 The '^t^-equations' 

We now present what we will refer to as the '^^-equations'. These equations 
are chosen because they have the following features. They are a system of 
PDE's for the set of functions e" ai, i^AiCD, ^, ^ab- 4>ai, R, Si, S2, S3 and 
S'4, which comprise all the unknowns with the exceptions of the free data 
0, 5*0 and the derived function 0oo- They are all interior equations on the 
hypersurfaces {w — wq} in the sense that only derivatives in the directions of 
u and V are involved, in particular, if we consider the hypersurface {w = 0}, 
they arc all inner equations in A/^. Also they split into a hierarchy that will 
be presented in the next section. 
The (9„-equations: 
Equations tAB ooe" ef = : 

duG-^ 01 H — 01 — — SFoioi + SFoiooc^ 01, 
u 

duS^ 01 H — 01 = "Toioo + SFoiooc^ 01 , 
u u 

du^^ 11 — — SFiioi + 2riiooe^ 01, 

duG-^ 11 = — Tiioo + SFiiooe^ 01 ■ 
u 
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Equations Rabooef = : 



^uroioo 


+ 


2f 

— L 0100 

u 






^uroioi 


+ 


— i 0101 

u 


— SroiooToioi — 




^uroiii 


+ 


— L 0111 

u 


— SFoiooroiii = 




^uriioo 


+ 


— i 1100 


~ SroiooTiioo — 
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u 

c^uriioi — 2riiooroioi = >S'2 + j^-^) 
^uriiii — 2riiooroiii = s^. 

Equation Eqo = : 
Equations $ao = : 

du(poi = 77- (^^'^oo - 20oi) + oi^«0oo + oi(?«0oo - 2foioi0oo + 2foioo0oi, 
2u 



du4>n - 77- (f?t;0oi - 0ii) oidu(t)oi - oic^i;0oi = -f oiii^oo + f oioo^ii 

ZU 



^(1)^^00^11 - \ [0^^oi - 2(1 + Q)0oi]' 



-(1 + Q)0 (QoO011 + ^^110OO) + 2(1 + ^1)^00011 



Equations Soocd — : 



a^o = -o5o + ^-p^^— [i + (-i + f^)02]o 

-21]Vfioo0oo + 2fi2(l + ^)(g, 



du^oi = + [1 + (-1 + ^)02] QooQo, 

-Q^0 (1^00001 + ^^O10OO) + 2^1^(1 + ^1)000001 \, 
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d^nu = -ns2-\{i + n)R 



+2(2 + 30) [0Ooi - 2(1 + O)0oi]' 

+ (8 + 20n + [0(Qoo0ii + - 2(1 + Jl)0oo0ii] 



Equation IIoo = : 



1 

1 + Q"- 02 



^"-^ ~ 1 , o 12 1 2(4 + 7n.)(f){n.udu(f>oo - 2Ooi(?«0oi + f^oo^u^ii) 



-4(1 + 1])(4 + 71])(0iia„0oo - 20oia„0oi + 0oo5«0ii) 
^ [3 + (-3 + 7fi)0='](fiii5o - 2^01 5i + ^^00^2) 



1 + n - 02 



-20(4 + 7f))0(0n5'o - 20oi5i + 0oo^2) 
+^(4 + 7Q)0 [0Qoo - 2(1 + Q)0oo] R 

3(1 + Q _ 02)2 1^ - [-12 + (40 + 210)02] (^^^^^^ _ ^2^)^^^ 

-20 [-18(1 + O) + (46 + 610 + 210^)02] (Ooo0ii - 2Ooi0oi + On0oo)Ooo 
+4(1 + O) [-24(1 + O) + (52 + 610 + 21O')0'] (0oo0ii - 0oi)^^oo 
-20 [12(1 + O) + (16 + 610 + 210^)02] (OooOn - O^j0oo 
+4(1 + O) [6(1 + O) + (22 + 610 + 21O')0'] (Ooo0ii - 2Ooi0oi + On0oo)0oo 

-8(1 + 0)2(7 + 30)(4 + 70)0(000011 - 0^i)0oo 
Equations Hqi^abc)^ = 0, k=o,i,2,3 : 

duSi - ^ {d^So - ASi) - oiduSo - oidySo 

+ 1 + J_02 {^ [0f^oi - 2(1 + O)0oi] a„0oo - O [0Ooo - 2(1 + O)0oo] a„0oi} 

= — 4roioi'S'o + 4roioo'S'i 

~ l + n-(f)2 {l [1 + + ^)'^'] (^Ol-^O - ^OO-^l) - ^''^('^Ol^'o - 0OO^l) 

+2 [0Ooo - 2(1 + O)0oo] (Ooo0oi - Ooi0oo)|, 
30 



duS2 - ^{d,S, - 3S2) - oASi - oi^.^i 
2u 

f ,,, , ^ -{l + n) [0fin - 2(1 + 9„0oo 



3{i + n 

+ (2 + 5f)) - 2(1 + f))0oi] '9„0oi - (1 + 20) [(/.Ooo - 2(1 + 0)</.oo] 



-2Q [0Qoo - 2(1 + 0)0, 



'00 



^((5t;0oi - 0ii) + oi9„0oi + Ol9„0oi 



1 + Q - 02 [ 3 



[0Ooo - 2(1 + n)(Poo, 



roiii'S'o — 2roioi5'i + 3roioo5'2 

roiii0oo ~ roioo0ii 



+ ^ [1 + (-1 + 1^)02] (1^01^1 - ^^00^2) - ^^V(0O1^1 - 000^2) 

~fi02(Qn-5o - 2Qoi-5i + Qoo-52) + + Q)0(0ii>So - 2001-51 + 0OO-S2) 

--^(1 + [cj>noo - 2(1 + r^)0oo] R 

io 



+2 [(/)Qoi - 2(1 + n)0oi] (1^00001 - ^^oi^oo) 
+^(rTlT^0^{i'^' [-6 + (20 + 3Q)02] (Qoo^^ii - ^^^i)^^oo 

-^(14 + 230 + 3O2)03(Ooo0ii - 2Ooi0oi + ^^ii0oo)J^oo 
+(1 + n) [6(1 + Q) + (8 + 23Q + 3Q')0'] (000011 - 0oi)^^oo 
--0 [-12(1 + + (26 + 231] + 3fi2)02j (f^oQ^]^^ _ ^2^)000 
+ (1 + [-6 + (20 + 317)02] ^^^^^^^ _ 21^0,00, + l]n0oo)0oo 
-2(1 + Q)2 (7 + Q) (2 + 3Q) 0(000011 - 0gi)0oo|, 
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duS3 - ^{d,S2 - 2Ss) - - 01^.^2 + 



- 2(1 + [0f]n - 2(1 + a„0oi + Woi - 2(1 + O)0oi] 



+2(2 + 3Q) [0Qoi - 2(1 + 0)001 

-(2 + 5Q) [0Qoo - 2(1 + Q)(/.oo: 



^(9^,001 - <Pii) + Ol9u0oi + e^oi5t;0oi 



2u 



1 + Q - (/)M 3 



^(2 + 30) [0Ooi -2(1 + 0)001] 



+ ^(2 + 50) [0Ooo - 2(1 + O)0oo] 



"2roiii<S'i + 2roioo'S'3 
roiii0oo ~ Toioo^ll 

roiii0oi — Toioi^ii 



+ ^ [1 + (-1 + 0)02] (Ooi^2 - Ooo^s) - 0^(001-52 - 000-^3) 

-^O02(On^i - 2001^2 + 000^3) + ^0(1 + O)0(0n^i - 2001^2 + 0oo^3) 

-^(1 + 0)0 [0Ooi - 2(1 + O)0oi] R 
+ 2 [0Oii - 2(1 + O)0ii] (Ooo0oi - Ooi0oo)} 
-d? [-6 + (20 + 30)0'] (OooOn - O'JOoi 



9(1 + 0-02)2 

-^(14 + 230 + 3O2)0=^(Ooo0ii - 2Ooi0oi + On0oo)Ooi 
+(1 + O) [6(1 + O) + (8 + 230 + 30^)02] (0oo0n - 0oi)Ooi 
--0 [-12(1 + O) + (26 + 230 + 30^)02] (OooOn - O2,)0oi 
+(1 + 0)2 [-6 + (20 + 30)02] ^^^^^^^ _ 2Qo,0o, + On0oo)0oi 

-2(1 + 0)2 (7 + O) (2 + 30) 0(000011 - 0oi)0oi j, 
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duS^ — 7;-{dvS3 — S4) — oid^S^ — oidyS^ + 
Zu 



1 



(1 + Q) [<j)Qn - 2(1 + Q)<l)u] du<Pn 



1 + 0-02 
+(2 + 3Q) [(/)Qoi - 2(1 + Q)(/)oi] 

-(1 + 2Q) [0Qoo - 2(1 + Q)0oo] (e' ii9„(/)n + n9„0n + 9^(/)n) 

= — 3roiii5'2 + 2roioi5'3 + roioo>S'4 

roiii^oi ~ roioi^ii 
-2(1 + 2fi) [0r]oo - 2(1 + i^)0oo] r 

1111001 ~ riioi0ii 



+ 1 + Q_02 i 2(2 + 30) [0Ooi - 2(1 + 0)001 



[1 + (-1 + 0)02] (001^3 - ^^00-^4) + 020(001^3 - 0oo<S4) 

-io02(On^2 - 200153 + 0005-4) - 0(1 + O)0(0n52 - 2001^3 + 000^4) 

+^(1 + 0)0 [0On - 2(1 + O)0n] R 
-20 [Oii(Ooi0oi - Oii0oo) + 0ii(OooOii - Oqi)] 

+ 4(1 + O) [0ii(Ooi0o1 - Ooo01l) + Oii(0oo011 - 001 

^ T'^' [-6 + (20 + 30)02] {^^^^^^^ _ 02 jOn 



3(1 + 0- 02)2 

-^(14 + 230 + 3O2)03(Ooo0ii - 2Ooi0oi + On0oo)On 
+(1 + O) [6(1 + O) + (8 + 230 + 30^)02] (0000^1 - 02JQ,, 
--0 [-12(1 + O) + (26 + 230 + 302)02] {^^^^^^^ _ O2^)0ii 
+ (1 + 0)2 [-6 + (20 + 30)02] ^^^^^^^ _ 2Ooi0oi + Oii0oo)0ii 
-2(1 + 0)2 (7 + O) (2 + 30) 0(000011 - 0oi)0ii 



5.3 The 5u-equations hierarchy 

The system of (9„-equations splits into two groups, referred to as Gl and G2. 
Each of these groups sphts into a hierarchy, which is seen as follows: 

Gl.l: -Roooooi = 0) 
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G1.2: toi ooe^ ef = 0, 

G1.3: toi oqC^ ef — 0, i?010001 — 0; ^OO = 0; ^OOOO — 0; ^0001 — 0, i?oooo — 0) 

G1.4: itliioooi = 0, Eooii = 0, $io = 0, Hoo = 0, i^oooi = 0, 
G1.5: -Rooooii = 0, 
G1.6: -Roiooii = 0, 
G1.7: til 00^^ EF = 0, 
G1.8: til oqC^ ef — 0, 

G2.1: -ffooii = 0, 
G2.2: i?iiooii = 0, 
G2.3: Hqiii = 0. 

For dealing with the unknowns we separate them into three groups, Xi, X2 

and X3. The unknowns involved in Gl are collected in Xi, that is Xi = (e^ 01 , 
01; 11, 11, Foioo; Toioi) roiii? riioo? Tiioi) ^ooj ^oii ^iii 4>oi, 4>n, R, 
Si, S2). The set X2 consist of the unknowns of Xi plus (f), Sq and 0oo- The 
unknowns in G2 are collected in xs, that is x^ = (Fiin, 5*3, S4). So all the 
unknowns are included in the union of X2 and X3. 

The hierarchy is defined because it makes the following procedure possible. If 
and 5*0 are prescribed on {w = wq} then Gl.l reduces to an ODE. Once we 
have its solution, G1.2 reduces to an ODE. Given its solution, G1.3 reduces 
to a system of ODE's, with coefficients that are calculated by operations in- 
terior to {w — Wq} from the previously known or calculated functions. This 
procedure continues till G1.8. So, given and 5*0 on {w = wq} and the 
appropriate inital data on Uo Cl {w = Wo}, the set Xi can be determined on 
{w = Wq} by solving a sequence of ODE's in the independent variable u. 
The process to be followed with G2 is very similar, with the exception that 
to solve G2.3 it is necesary to know also dw(f)ii on {w — wq}, this problem 
can be overcome solving Gl recursively and then analysing G2. 

5.4 The '5t„-equations' 

Our initial data, and So, is prescribed on Wq, and to determine their 
evolution off Wo we need the equation An — 0, which reads 

du,4> + iidu4> + = 0ii, 
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and the equation Hi(^abc)o + Hq(^abc)i = O5 which is given by 

dwSo — duS2 + ii<9„S'o + nd^SQ 
(2 + bn) [(^(^n - 2(1 + l])0n] 9,0oo 



1 

~3(1 + fi-02) 

-4(1 + n) [(/)Qoi - 2(1 + l])0oi] 5«</>oi + (2 + [0i7oo - 2(1 + l])0oo] 9„0n 



-2r] [0^00 - 2(1 + 



00 



^(^1,001 - 0ii) + eoi5„0oi + eoi5^0oi 



+ l + ^_02 l 3^ [<^^oo - 2(1 + r])0oo] 



■ 4riioiS'o — 4riioo>S'i 

roiii0oo ~ roioo0ii 



+ \ [1 + (-1 + ^W] {^uS, - ^0,82) - l^V(01l5o - 000^2) 

+ ^(]0'(finS'o - 2^]ol^l + ^^00^2) - ^^^(1 + ^^)0(0ii5o - 2001^1 + 000^2) 

+^(l + fi)0[0^]oo-2(l + ^^)0oo]i^ 

+2 [0(^00 - 2(1 + fi)0oo] (^^00011 - ^^ii0oo) 

2 r 1 



9(1 + ^-02)2 



[-6 + (20 + 3r])02] {vlq^vlu - 



00 



-^(14 + 23f] + 31^2)03(^^^0^^ _ 21^01001 + 1^11000)^00 
+ (1 + n) [6(1 + + + 231] + 31]2)02] _ 02jf]oo 

-^0 [-12(1 + 1]) + (26 + 231] + 31]2)02] (l^ool^ii - l]oi)'/'oo 
+ (1 + 1])2 [-6 + (20 + 31])02] (1^00011 - 21^01001 + 1^11000)000 
-2(1 + (7 + 1]) (2 + 31]) 0(000011 - 0oi)0oo 

These two equations will be referred to as the '9u;-equations'. 

5.5 The initial conditions for the ^^-equations 

The initial conditions for the S^-equations follow from our gauge conditions 
dSID, (IS2D which imply 

e%i|j = 0, a = 1,2, A = 0,1, 
Taicd\i = ^, A,C,D = 0,1. 
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From (jlj) we get 



n\i = 0, 

Qab\i = 0, A,B = 0,1, 



and from the required spinorial behaviour in order to have analytic sohitions, 
as discussed in Section 14.31 



where Aqq = has been used. 

5.6 Calculating the formal expansion 

As the system of equations is overdetermined, we have chosen a subsystem 
in order to calculate a formal expansion of the solution. It will be shown 
later on that the expansion obtained using this subsystem lead to a formal 
solution of the full system of equations. 

We prescribe and 5*0 on Wq as our datum and the initial conditions on I 
for the c?„-equations are given in 15.51 Following what has been said in 15.31 we 
successively integrate the subsystems on Gl to determine all components of 
Xi on Wq. 

We give now an inductive argument involving Gl and the (9^-equations to 
show that 9^X2 1 Wo can be determined for all k. 

From our initial data and what has been said we know already d'^X2\wo ^^r 
k = 0. As inductive hypothesis we assume as known 



Applying formally d'^~^ to the (9^-equations, and restricting them to Wq, we 
find 9^0|w"o and d'^So\wo in terms of known functions. We apply formaly d'^ 
to Gl. This is a system of PDE's where the unknowns are Keeping 
the hierarchy and considering the functions that we already know on Wq, it 
agains becames a sequence of ODE's, which can be integrated on Wq given 
the appropriate initial conditions on /. 

The initial conditions for the frame coefficients and the connection coefficients 
are obtained from the gauge requirements (1511) . fl52p which imply 




(55) 



dP^X2\wo, 0<p<k-l, k>l. 




,e%i|7 = 0, a = 1,2, A = 0,1, 
dtTAicD\i = 0, A,C,D = 0,1. 
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From the spinorial behaviour as discussed in Section 14.31 we obtain the fol- 
lowing set of initial conditions. 

1 

— ( 
2 

1 



dwSi\i = -d^d'^Soli, 



By restricting the equations En = 0, T,iicd = and Uu = to f/o and using 
that = 0, ^ab\i = we get 

dtn\j = o, 



dtnAi\i = o, A = 0,1, 



'«)i'00|C/o 



— (01]oo0ii - 2000011 + 20oi) 



Uo 



(56) 



d,,,R 



3noo>S'4 + 



3(1 



mo 



+4001^^001 - 20ii9, 



2^ 1^ \Y'-"00 
1 



w<POO 



^00 



11 



11 



(57) 



3(1 



k2\2 



011 {(3 + 1102)r]oo0i, _ 280(000011 - 0oi)} 



Uo 



Applying to ([57]) and evaluating them at / by using the known 

functions from the inductive hypothesis and the previously stated initial con- 
ditions we get d^Qoo\i and d'^R\i. 

Now we have all the needed initial conditions, thus we know 



dtx2\ 



Wo 



and the induction step is completed. 

The procedure with G2 is quite similar. Once we know d^X2\wo G2.1 
reduces to an ODE, which can be integrated on Uo given the corresponding 
initial condition. Once we know the solution of G2.1, G2.2 also reduces to 
an ODE, and finally also G2.3 reduces to an ODE. The initial conditions for 
G2 are given in Section 15. 5[ 

The inductive step is very similar to the inductive step for X2. We assume 



d^^xslwo, 0<p<k-l, k>l, 
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to be known. We apply formaly to the equations in G2. If we stick to 
the hierarchy this system again reduces in the prescribed order to a system 
of ODE's for d^xs, which can be integrated given the corresponding initial 
conditions. Those are 



C^^f 1111 / 


= 0, 




—df,d^So\i 




-^df,d'^So\i 



obtained from (l52l) and Section 14.31 
Now we know 

and the induction step is complete. 

If we now call X any of the quantities included in X2 and x^, that is, X 
comprises all the unknown quantities that we are solving for, the procedure 
just stated shows that we know d'^X\wo for all k. Expanding these functions 
around i = {u = 0,v = 0,w = 0} gives 

and the procedure gives a unique sequence of expansion coefficients for all 
the functions in X. 

Lemma 5.1. The procedure described above determines at the point O = 
{u = 0,v = 0,w = 0) from the data (j), Sq, given on Wq according to fl53|) . 
([SI]), a unique sequence of expansion coefficients 

d::d:dlf{0), m,n,p = 0,l,2,..., 

where f stands for any of the functions e"" ab,^ ABCD^ft^i^t^ABj^j^ABjRjSk- 
If the corresponding Taylor series are absolutely convergent in some neigh- 
bourhood P of O, they define a solution to the equation Aqq = 0, to the 
du-equations and to the d^-equations on P which satisfies on P (1 Uq equa- 
tions (155|) and Sn = 0, T^hcd = 0, IIn = 0. 

By Lemma 14.11 we know that all spinor- valued functions should have a 
specific f-finite expansion type. The following lemma, whose proof is quite 
similiar to the proof in [7J, will be important for the convergence proof. 
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Lemma 5.2. // the data (p, Sq are given on Wq as in flool) . flMj) . the for- 
mal expansions of the fields obtained in Lemma I5.il correspond to ones of 
functions of v -finite expansion types given by 





-A-B, k 


'e^AB = 3- A 


- B, AB = 01,11, 




2- A-B, 


' HAS = 1 ~ 


-A-B, A,B = 0,1, 


= 0, 


kipAB = 2 — 


A-B, A,B 


= 0,1, 


kn = 0, 


kuAB = 2 - 


A-B, A,B 


= 0,1, 


kR = 0, 









ks,=^-j,j = 0,l,2,3,A. 



6 Convergence of the formal expansion 

In the previous section we have seen how to calculate a formal expansion 
for e^AB, t^ABCD, 0, <pAB, ^, ^AB, R, Sk given (j)\wo and So\wo, or, what 
is the same, given the null data. From Lemma 13.21 we know which are the 
necessary conditions on the null data in order to have analytic solutions of 
the conformal field equations. In this section we show that those conditions, 
(1371) and (|38ll . are also sufficient for the formal expansion determined in the 
previous section to be absolutely convergent. 

So we start considering the abstract null data as given by two sequencies 

= {^AiBi,i'A2B2AiBi,'ipA3B3A2B2AiBi, ■■■}, 
'^n = {"^ A2B2AiBi,'^ A3B3A2B2AiBi,'^ A4B4A2A3B3A2B2A1B1, •••}, 

of totally symmetric spinors satisfying the reality condition (I29p and we con- 



struct (plwo and 5'olvyo) by setting in the expansions 

DlA^B^-DXB^)<P{i) = m>l, 
D*ApBp---DAiBiS*ABCD)i'^) = ^ AmBm-AiBiABCD, m > 0. 

Observing Lemma 13. 2^ one finds as a necessary condition for the functions 
(j), Sq on Wq to determine an analytic solution to the conformal static vacuum 
field equations that its non- vanishing Taylor coefficients at the point O satisfy 
estimates of the form 

f2m\ M 

19,79X0)1 < ]m\n\ — ,m>0,0<n<2m, (58) 

\ n J r™ 

|a!7a"S'o(0)| < ]m\n\ — ,m>0,0<n<2m + A. (59) 

\ n r™- 
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This conditions are also sufficient for (j){u,v) and Sq{u,v) to be holomorphic 
functions on Wq. So the null data gives rise to two analytic functions, and 
So, on Wq. 

From Aqq = we have 0oo = du(f>, so having (f)\wo we have 0oo|wo; which is 
also an analytic function on Wq- 

Following Lemma 6.1 in [7|, we can derive from (!3H|) . fl59l) . slightly different 
type of estimates for (f){u, v), So{u, v), which are more convenient in our case. 

Lemma 6.1. Let e be the Euler number. For given p^, psg, both in M, such 
that < < , < pso < , there exist positive constants c^, r^, csq, tsq, 
so that fl58l) . (!3U|) . imply estimates of the form 

l^^^^l ^ ~^'^r^nWr^2^ ^ ^ O' O < n < 2m, (60) 

\d::d:S,\<cs, . ^° ',2 ' m>0, 0<n<2m + 4. (61) 

We can present our estimates. 

Lemma 6.2. Assume (f) = (f){u,v), Sq = Sq{u,v) are holomorphic funtions 
defined on some open neighbourhood U of O = {u = 0,v = 0,w = 0} in 
Wo = {w = 0} which have expansions of the form 



oo 2 m 



{u,v) = 



^m,n 

m=0 n=0 
oo 2m+4 



m=0 n=0 

SO that its Taylor coefficients at the point O satisfy estimates of the type 
(1601) ■ (I6T1) with some positive constants c^, r^, csg, rs^, and p<^ < |, pso < \- 
Then there exist positive constants 

r, p, cga^^, Cf^^^^, C0, c</,^s, cn, cn^^, cr, cs^ 

so that the expansion coefficients determined from and Sq in Lemma I5.il 
satisfy for m,n,p = 0,1,2, ... 

where f stands for any of the functions 

e'^ AB, ^ABCD, <P, 4>AB, ^, ^AB, R, Sk, 
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and 

Qe-AB = %ABCD =Q^ = Q^AB = Q't'AB = QR = QSk = 0- 

Remark. Taking into account the w-finite expansion types of the functions / 
(Lemma 15.21) . we can replace the right hand sides in the estimates above by 
zero if n is large enough relative to m. This will not be pointed out at each 
step and for convenience the estimates will be written as above. 

We take the following four lemmas from [7] . The first states the necessary 
part of the estimates, and the other three are needed in order to manipulate 
the estimates in the proof of Lemma 16.21 

Lemma 6.3. /// is holomorphic nearO, there exist positive constants c, tq, 
Po such that 



(m+ l)2(n + 1)2 



\d::d:dif{o)\<c ^_ , ^^^^^ ; m,n,p = o,i,2,... 



for any r > tq, p > po- U in addition /(0,f,0) = 0, the constants can be 
chosen such that 

for any r > r^, p > po- 

Lemma 6.4. For any non-negative integer n there is a positive constant C , 
C > 1, independent of n so that 

n 

V - < r 



k=o + -k + iy - {n + 1)2 ■ 
In the following C will always denote the constant above. 

Lemma 6.5. For any integers m, n, k, j , with < k < m, and < j < n 
resp. < j < n — 1 holds 

Lemma 6.6. Let m, n, p he non-negative integers and fi, i = 1,...,N, be 
smooth complex valued functions of u, v, w on some neighbourhood U of O 
whose derivatives satisfy on U (resp. at a given point p & U) estimates of 
the form 

\d^d^d^ f \ <c U + 1^- 



(j + l)2(A; + l)2(/ + l)2 
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for 0<j<m, 0<k<n, 0<l<p, with some positive constants Ci, r, p 
and some fixed integers Qi (independent of j , k, I). Then one has on U (resp. 
at p) the estimates 

I ■...■/.)!< c--)c. . ... . c. ;„^^,.,j";;j';;. . (63) 

Remark. This lemma remains true if m, n, p are replaced in (|63l) by integers 
m', n', p' with < m' < m, < n' < n, < p' < p. 

The factor ^^(^-i) in ([631) can be replaced by C^^ ^-"^^ if r of the integers 
m, n, p vanish. 

Proof of Lemma \6.S[ The proof is by induction, following the procedure which 
led to Lemma [5?T1 A general outline is as follows. We start leaving the choice 
of the constants r, p, Cf, open. We use the induction hypothesis and the equa- 
tions that lead to Lemma 15.11 to derive estimates for the derivatives of the 
next order. These estimates are of the form 

with certain const ans Af which depend on m, n, p and the constants Cf,r 
and p. Sometimes superscripts will indicate to which order of differentiability 
particular constants Af refer. In the way we will have to make assumptions 
on r to proceed with the induction step. We shall collect these conditions 
and the constants Af, or estimates for them, and at the end it will be shown 
that the constants c/, r and p can be adjusted so that all conditions are 
satisfied and Af < 1. This will complete the induction proof. 
In order not to write long formulas that do not add to the understanding of 
the procedure, we state here some properties that are used to simplify the 
estimates: 

• As a corollary of Lemma 16.61 we have: 



'(j + l)2(fc + l)2(/ + l)2 

for < j < m, < k < n, < I < p, where (7 is or Q, and if 
r> ^[cn + (4 + 4c2)i], then 



1 



< 



1 1 r"'+P{m + p)\p'^n\ 

1 _ ^ (^Cf, + ^c2) + + + 1)' 
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If r > C3[cn + (4 + 2c2)l] then 

7^ ^ < 2. (65) 

After calculating the estimates and using ( l65l) we find that all the A's 
satisfy inequalities of the form 



9 



i=l ^ 

where a, ai are constants that don't depend on r. If = then we 
have to show that we can make a < 1. If the Oj's not zero we can take 
a constant a, < a < 1, and require that a < a and then choose r 
large enough such that X]^=i 7I" ^ 1 ~ the estimates that follows, 
we shall not write the explicit expresions for the a^'s, as they do not 
play any role if we are able to make r big enough at the end of the 
procedure. 

From now on we consider that a function in a modulus sign is evaluated at 
the origin O. 

From the analyticity of 000(^^5 v) we also get that, for given p^^^^^ G M, < 
P<Aoo < there exist positive constants C(/,qq, r<jigp, such that 



l^rOool < c,oo (^';\),(^°;'^), , m > O, O < n < 2m + 2. 



As 0(0, f) = the inequalities (l60l) . (16T]) are mantained if we change the 
constants for bigger constants. We choose 

= max{c^, c^oo}^ (66) 
cso = max {c5o , f C^c^^^ } . (67) 

Also we require the constants r, p to saisfy 

p > max{p<^,P5o,P0oo}' (68) 
but we leave the choice of the precise value open. So we have 

Kd:dl<P\ < c^-——f——, m > 0, < n < 2m, 

[171+ lj^(?7, + Ij"' 
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U V 



|gr^Xgo|<C5o . ^..,7 m>0, 0<n<2m + 4, 



From the frame properties e"" ab\uo = 0, i^ABcnluo = follows 

\d:d:dltABCD\=0, |aX5^e%B| = 0. 
The conditions on the conformal factor, Q\j = 0, ^Iab\i = 0, give 

Using Lemma [4. II we get the relations: 

0Ai|i/o = ^a^^0oo|i/o, ^ = 0,1, (69) 



which imply 



Sk\uo=^^^d',So\uo, ^=1,2,3,4, (70) 



0, n > I — A 



'1 



P ^' ^m=0,p=0 

n + 1)^ 



/i^ = <^ - - < 1, 

[ 0, n>\- A 

and similarly 

I C„C^ ^fc I < (^ ^ Ag^ 

Taking into account that i? is a scalar and the initial condition = —6 — 

16 (000011 - 0oi) li> we get 



n + 1)2 " 
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1 /„ 73 



We have obtained so far the estimates for m = 0, p = and general n. Now 
we should consider the equations in Gl to get in an inductive form estimates 
for the quantities in Xi, that means, estimates for |(9^(9"(9^a;i|, considering 
as known estimates of this type for |(9^(9"(9^Xi| with < I < m. And once 
we have this estimates we should do the same procedure with G2 to get 
estimates for 1 9^ 9^ 5° 0:3 1. These estimates, i.e. estimates for p — 0, can be 
obtained from the estimates for general p that appears later replacing by 
and j9 by 0. The estimates for general p are also more restrictive, so we 
are not going to enumerate the estimates for p = here. 
We continue with the induction procedure by considering that the estimates 
are satisfied for |(9™(9"(9^X| for < Z < p, and try to determine conditions 
for performing the induction step. 

We start by formahy applying d'^d^d^~^ to the equation An — and taking 
the modulus at the origin. We get 

To estimate the terms in the r.h.s. of this inequality we have, using the 
induction hypothesis. 



r^'+P-^m + p- l)!p"n! 
(m + l)2(n+ 1)V 



\d::^d:di-\e\,dM 

m n p— 1 



j=0 k=0 1=0 

m n p—1 

:)('-,') 



m+v\ 

j=0 k=0 1=0 ' ^ 

Cpi jjC<ir™'+P~^(m + p)\p'^n\ 



(j + iy{k + 1)2(/ + l)2(m -J + 2)2(n -k + - ly 
< C cgi^^c^- 



,3 r"^+P-2(TO + p)!p"n! 



(m + 2)2(n + l)V ' 
and similarly 

r'"+P-3(m + p- l)!p"(n + 1)! 



(m+ l)2(n + 2)2p2 
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Using these inequalities and writting |(9™9^ 9^,01 in the form flMl) . we obtain 



>i ^ 1 r (p+l)^ ^ (p+l)^(m + l)^ C3 

j92(m+p)(n + 2)2 r2 " 

Taking into account the f-finite expansion types of the terms involved, we 
see that = if n > 2m, and thus 



A'f < — I C<^ii H Cei 11 + 2— pCe2 ^^C,^ 



4=^ + E 



9 / p>l^ 



The procedure with the rest of the equations is similar to the one presented 
for the equation An = 0, the only difference being that if an equation is 
singular with terms we have first to multiply it by u, formally apply 
dl^~^^dl^d^~^ , and then estimate the modulus. Therefore we shall not repeat 
the details that led from the equations to the estimates, as we shall not state 
the v-finite expansion type at each step. What we will state is which equation 
is used for deriving that particular estimate. 

Applying formally d^d^d^^ to the equation Z)ii{/)oo = -Dqo'/'ii, which follows 
from Aoo = and A\\ = 0, we obtain 



i=l 



Muhiplying Hk^abOo + Ho(abc)i = by u and formaly aplying S^+^S^^S^ ^ 
we get 



9 / p>l\ 



1=1 



In the same way as we used ( 169|) . ( ITOl) to obtain ( 17T1) . (1721) we get 



Restricting Sn = and Shcd = to f/o we find that on Uq 

Q = 0, fioi = 0, fill = 0, 

4^ + 3(1-^,^2) (0^00011 - 2000011 + 



din ^"^1 



«)i'00 



oiJ- 
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Taking formal derivatives of these equations we get 



Am=0 _ n Am=0 _ n A' 



m=0 



'5 



and 



A. 



m=0,p>l 



< 



4 1 



3 COoo 

Restricting flu = to f/o gives 



[cR + 32C^ {c^^^c^^^+cU]+J2 



9 / m=0,p>l\ 



a, 



i=l 



dyjR — 31^00 *S'4 + 



1-02 
+ 



2011(9^000 + 4001(9^001 + (0^^oo - 20oo)(9^0 



11 



so that 



A 



m=0,p>l 
R 



3(1-02)2 

64C2 



011 [(3 + 1102)^00011 - 280(0oo<; 



'11 - Voi)\ , 



< 



Cr 



9 / m=0,p>l> 



i=l 



We complete the calculation of the A's by using the c?„-equations. We have 
to calculate the estimates in the order given by the hierarchy presented in 
Section 15.31 but for simplicity we present the estimates in the order the du- 
equations were stated in Section I5.2[ 



tAB 00^"" — 0: 



9 / m>l^ 



e-*- 01 — / -I ri 



1=1 



1 ^ ( ni^^^\ 



2 Ce2 01 .^^ 
9 / mM 



A'n^' < y 

11 — / > 

i=l 



9 / m>l 



(«e2- )i 



i=l 
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R 



ABOOEF 



-'00 



$00 = 0: 



$10 = 0: 



-'OOCD 



f 0100 ~ 3 Cf, ^ 

i 0100 i=i 



9 (a^-Mi 

foioi ~ Cf 



^m>l ^ I ^ foioi' 

foioi n~ ' 



9 

foiii — Cf. 6cf 

J^Olll ioiii i=l 



\m>l ^ C52 , CiJ , foiii' 



9 lr^ra>\ 



fllOO ' 



Cf. — ' r' 

i 1100 i=i 



. V Q / m>l \ 



riioi V / i=i 

m>l ^ '±'^53 , ^"-fiiii^^ 



Tiiii 



Q / m>l \ 

Cf 



9 / m>l^ 



a. 



1=1 



9 / m>l\ 

^001 - ^ , ^ 



^<t>01 



i=l 



'^"^11 i=i 



f^co — / V 

i=l 

9 / 
^^01 — / -/ 



9 / m> 1 \ 



9 /'„™>l'i 
11 / 



«=1 



i=l 



48 



noo = 0: 

^ i=l 

Ho{ABC)k = 0: 

1 ^ (q;"*~^^ 

^52"^ < — + (c<^ooC0n + C<^oiC<^oi)] + J] 



A^^' < — {pes, + [p (c^ooC^ii + 2clJ + fc^oiC^n] } +Y1 

-. 9 / m>l\ 

We now have to show that all the constants can be chosen in a way that makes 
all the A's less or equal than 1. So, introducing a constant a, < a < 1, the 
following inequalities need to be satisfied: 

^''%<1, (73) 



-p' < 1, (74) 



11 



2c^ 

^p<l, ^p'Kl^ ^p'<l, ^p'<l, (75) 

CSi C53 C54 

^(6+ip^4J<l, (76) 
4^ < a, 4^ < a, — [c^, + f (c,„„c,,, + ^J] < a, (77) 

+ 4oi)]^«' (78) 

-64(:72^c^^^^^^^^^2^j (79) 

1^<^^ ^<a, |^<a, ^<a, (80) 

2 Ce2 Ce2 3 Cf^^^^ ^Vowi 
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1 , -, X 

[cs2 + QCR)<a, 2 < a, 



"'f 0111 



''f 1100 



4 cs 

{cs2 + i^c/j) < a, 4 — ^ < a, 



'^f 1101 



Cf 
i 1111 



C011 

4 1 



-p < a, 



p < a, 



3coii 

— 64^3 (c^^^c^i, + cJ^J < a, 

T^P <a, [csrP + (c<^ooC0ii + 4,^1 )] < a, 

CSi 

[c52p + (2pc0,oC0ii + 4pc5^^ + 3c^^,c^,,)] < a, 

— [C53P + |(^^C0,i (8c0oo + Qpc^oi + 3c0ii)] < a. 

Now we have to show that we can choose the constants such that 
inequahties will be satisfied. 
We start by setting 

^ P 

with which we satisfy ( 1731) and (1831) . Next we set 



^1) 

^2) 
^3) 
^4) 

^5) 

(86) 

(87) 

^8) 

^9) 
these 



so that (17^ and (IMI) are satisfied. 
We continue by setting 



^Si — '-'So ; ^82 

a 



16 £3 
3 a 



-c 



</'00 j ' 



CSs = — 

-70 



a3 



C54 



5 a 

C5o + 7T 6 + - + 4- 

3 V a 



2 



</>oo 



With this we satisfy (17^, (IH71), (|H^ and 
Inequalities (|76l) . ( 1791) and (l86l) are satisfied with 



a 
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With this definition for c/j we set 



SO flTHj) and fl85l) are respectively satisfied. 
Using the previous definitions we set also 





2 




1 


i 0100 


3a 




-C5i, 

a 


i 0111 




^c., + Icn^ , 


Cp = - 

i 1100 J 


i 1101 


1 




' '^fllll = 
2 




" 3^ 




a^ 


m 


are satisfied. 





2 

-C5i, 

a 

4 
a 



There are three inequalities that we have not yet considered, (l77l) . These are 
now reduced to 

.2 ^ ^3 



4p" < a^ 

1 1 « / 1 \ n ^ 



4p^ 



1 16_o , / 1 
1 + — 4oo 2 + - 
cso 3 V a 



< a' 



Taking into consideration now (1661) . (J671) . (J68l) we see that these inequalities 
can be satisfied if we define 

p = max{p^, pso, P<Poo} < ^> 
a = max (8p^)^| < 1. 

Now we choose some positive constants c^, cq^, c^i c^i that are not re- 
stricted by the procedure. 
Finally we choose r so large that 

1 
2 



r > max I r^, r^,, r^^^, cq + (c^ + 2cy 



and that all the A's are less or equal than 1. The induction proof is completed. 

□ 
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The following lemma states the convergent result. The proof follows as 
the one given in [7]. 

Lemma 6.7. The estimates flU^ for the derivatives of the functions f and 
the expansion types given in Lemma \5.2\ imply that the associated Taylor 
series are absolutely convergent in the domain \v\ < \u\ + \w\ < 
for any real number a, < a < 1. It follows that the formal expansion 
determined in Lemma \5. 1\ defines indeed a (unique) holomorphic solution to 
the conformal static vacuum field equations which induces the data (p, Sq on 
Wo. 

7 The complete set of equations on N 

We have seen in Section how to calculate a formal expansion for our fields 
using a subset of the conformal stationary vacuum field equations. In the 
previous section we have shown that these formal expansions are convergent 
in a neighbourhood of infinity. In this section we shall show that these fields 
satisfy the complete system of conformal stationary vacuum field equations. 
First, we prove that the conformal stationary vacuum field equations are 
satisfied in the limit as m 0. Second, we derive a subsidiary system of 
equations, for which the first result provides the initial conditions, and which 
allows us to prove that the complete system is satisfied. 

Lemma 7.1. The functions e"" ab , Tabcd, 0, ^, R, Sabcd, whose expansion 
coefficients are determined by Lemma \5. 1\ with expansions that converge on 
an open neighbourhood of the point 0, neighbourhood that we assume to coin- 
cide with N , satisfy the complete set of conformal field equations on the set 
Uq in the sense that the fields tAs'^^ ef, Rabcdefj Aab, ^ab, ^ab, ^ab, 
^ABCD, Habcd calculated from these functions on S\Uo have vanishing limit 
as u ^ 0. 

Proof. Taking into account which equations have already been used to de- 
termine the formal expansions, and the symmetries of the equations, it is left 
to show that toi '^'^ ii, -Raboiii, -4oi, Sqi, Hoi, Sqicd, -f^i(BCD)fe=i,2,3, have van- 
ishing limit on N\Uo as u — > 0, and that in the same limit ^ab = —^ba- 
Because {(t'^^^cef) = ef then 

. EE or ^ or ^ F) EE (a b a h \ 

toi ii = 2ioi iCi ^ - 2i 11 ^ (oCi) '-a a\e ii.^e oi - e oi.fcenj, 

and using the way in which the coordinates and the frame field were con- 
structed, we see that 

toi 11 = 0{u), as u 0. 
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We now consider 



+eA 



Using that 
we get 



^01 °' 11 = Toiii - ]-d^e^ 11 - n + 



R 



ABOlll 



1 

2?x 



dy^llAB — 2f lll(AeB) ° + 



■-e} 11 - a.e^i + 4r, 



0111 



so that 



hm -Raboiii = 7: 



(?u(?^f HAS — 29uf 111(^6^) ° 



+eA "es ° ( -die' n - 9„9^e^ n + 4a„roiii ) - Sabu + ^ReAi^Bi 



6 



M=0 



For the case A = S = we get from the ^^-equations that 



1 



d^e 11 — —2dyriw\, dudyi n — dudyFuoQ, dyToiu — 7 | S'2 — -R ) , 



on Uq, and so hm„^o -Roooiii = 0. 

Using the S^-equations and that 8^82 = 2S3 on Uq, 

^uriiii = S^, dudyViiQi — 

on Uq, and so hm„^o -Roioiii = 0. As 8^83 = on Uq, lim„^o ^110111 = 0. 
We take now the hmit of ^01 as u goes to 0, 



hm Aqi 



-dudycf) - 001 



u=0 



Using that 0oi = \dv4>0Q on Uq and that we have Aqo = as part of the 
9„-equations we get hm„^o ^01 = 0. With the same procedure we get 
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lim„^o Soi = 0. 

Now we consider ^ab- As Aab on C/q then 

B<i>Ap\uo = —D^a4'Bp\uoi 

SO $ab|(7() = ~^ba\uo and as we already have $10 = then ^ab = on Uq. 
We now take the hmit as u goes to of the combination Hoi — \dyIlQQ. For 
the hmits of the derivatives involved we have at {u — 0} 

Dqo4)AB = du(l>AB, 

-Doi(/'ii = ^dudy(f)u, 
Dii0ii = (9^,011, 
DooR = duR, 
Dq\R — -dudyR, 
D\\R — dyjR. 

We also use that on C/q 

dycpk = (2 - k)(f)k+i, 
dySk = (4 - k)Sk+i, 

We have already used the equations En = 0, T^ucd = restricted to Uq, 

finding that Q, Qai are zero on Uq. 

Furthermore we use $00 = 0, that says that on Uq 

dudv(i>oo = 45„0oi- 

So we get for the limit 

lim ( IIoi - ^S^IIoo ) = 0. 

Considering that from the ^^-equations we already have Hoo = we get 

lim Hoi = 0. 

We apply a similar procedure to the Eqias equations. We take the limit as 
u goes to zero of the combinations 

Soioo — S000I5 
2S0101 — dyTiQQQi + Soon, 
2S0111 — S^Sooii- 



54 



Using what has aheady been said together with the following limits at {u 
0} 

-Doi^ii = -^dud^flii, 
-DiiOii = d^^ii, 

we see that the limits vanishes, which imply 

lim Soi^s = 0. 

Finally we consider the limit as u goes to zero of the combinations 

4-ffi(ABC)i ~ dyHi(^ABC)i, — dvHo{ABC)i + 2i?o(ABC)2! 
12-^1(^50)2 ~ dlHi(ABC)o - d'^Ho(ABC)i - 2(9^-ffo(ABC)2 + 4-ffo(ASC)3) 
24i7i(ABC)3 ~ dlHi{ABC)o — dyHQ(^ABC)i — 2(?^-ffo(ABC)2 ~ 89^i7o(ABC)3) 

and using what has been said together with: 
the limits 



DoiSk = ^ [dudySk - (4 - k)duSk+i] , 



the equality on Uq 
and the equations 



DooSk — duSk, 

DoiSk = ^ [duC 
DiiSk = dyjSk, 

d,Sk = (4 - k)Sk+i, 
*A0 = 0, 



we find that those limits are all zero, and considering the equations that we 
have used to calculate the unknowns we get 

lim HuABOk = 0> ^ = 1,2, 3. 

This completes the proof that the complete system of conformal field equa- 
tions are satisfied in the limit as k ^ 0. □ 
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Lemma 7.2. The functions e"" abSabcd^4'^^^R^Sabcd corresponding to 
the expansions determined in Lemma \E~l\ satisfy the complete set of conformal 
vacuum field equations on the set N . 

Proof. We have to show that on N the quantities toi ii ^Raboiii^ ^oi? 
Sai, n^i , Saicd, ^i(BCD)fc=i,2.3 vanish, and that (^ab = -^ba- For this 
we derive a system of subsidiary equations for these fields. The values of the 
fields at Uq, given by Lemma EH are the initial conditions for the subsidiary 
system of equations, and they are used throughout the proof. 
Using the definitions of Aab and ^ab- 

DabA-CD — DcdA-AB = —tAB CdDef4> + ^AD^BC + ^BC^DA, 

and in particular 

du-\ ] ^01 = 2f 0100^01; 

which implies Aqi = 0, and from that Aab = 0. This also shows that 
^AB = —^AB, and as we already know that $io = then ^ab = 0. 
Following the proof of Lemma 5.5 in [7J we find that 

( du H — ) toi 11 = 2f 0100^01 11 + 2R^^ ooiiieo ^\ (90) 
V 

which directly shows that tgi ii = 0. 

Also following the proof of Lemma 5.5 in [7] and taking into account that 
Sabcd and R satisfy the the contracted Bianchi identity then 

du + — ^ Rabqiu = 2f 0100-Raboiii — (^^^abo — -H^B^ , (91) 

from which -Roooiii = 0, wich also gives toi ii = 0. 
It is still left to show that 

if^Ol^^ll, -RaiOIII, Sai, IIai, ^AlCD, -f^l(BCD)fc^i,2,3 (92) 

vanish on A^. 

Using the definitions of T^ab and T^abcd, 

DaB^CD — DcD^AB = —tAB CdDeF^ — ^ABCD + ^CDAB, 

and from that 

du^Ai H — Sqic^^ = 2fyiiooSoi + Saioo- (93) 
u 
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At this point the expressions became to long to be treated by hand, so we 
resort to a computer progam for tensor manipulations. 
For T^ABCD we obtain 

DeF^CDAB — DcD^EFAB = tcD efDpqVLab — 2^2^ {aRb)pcdef 

+fl {eDEHpABC + ^cfHdabe) + Sabcd^ef — Sabef^cd 
R 1 

+ -g {hABCD^EF — hABEF^Co) + g (1 + ^) {hABCD^EF — hABEF^Co) 



"^ 6(1 + Q _ 02^ 1^ [l + (1 + ^) [^ABCD^EF - ^ABEF^CD 

— QaB i^CDEF — ^EFCd) ] 
—4 (2 + 3Q) 0^ {hABCD^EFPQ^^^ — hABEF^CDPQ^^'^) 

-8 (1 + Q) (2 + Sn) (P [hABCD^EFPQ^'''^ - hABEF^CDPQ<p''^) | 

+ 7; 7^ o ~ (^cdSef — D.ef'^cd) 

+170 (2 + - 202) [0^^ (i^cD^i^F - ^^ffScd) 

+QaB {(pCD^EF — <f>EF^CD) ] 

-2n [2 (1 + n^Y -{2 + 3fl) 0^5 (0cdSef - 0bfScd) 
02 (-1 + 302) l^^^fipQ + 40 [3 (1 + - (5 + 6(]) 02] (]^^0PQ 

-4 (1 + fi) [(1 + Q) (5 + 6fi) - (7 + 9fi) 02] 0-f''^0PQ 



ABCD^^EF — hABEF^Co) 
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which imphes 

1 



du^ciAB H — ec ^oiAB — SFciooSoiAs — ^^ocHiqab — Sqoab^ic (94) 
u 

R 1 



(1 + 0- { 3 [1 + (1 + ^) {^ICAB^OO + ^^AfiSicoo) 

+4 (2 + 3Q) 0'/iooabScipq11^'^ + 8 (1 + Q) (2 + 3Q) 4>hmAB^ciPQ(t>'''^^ 

1 f 1 2 

+ -; ~ o (-'- ~ ^AB^^OO^lC + ^AB^OO^lC 



(2 + 1] - 202) 0^b1]ooSic 



+20 



2 (1 + 1)2^^ _ (2 + 30) 



1 

+ 3 



(-1 + 30^) Vt^^VtpQ + 40 [3 (1 + Q.f - (5 + 60) 0^] O^'30pq 



^00 AS Sic 



-4 (1 + O) [(1 + O) (5 + 60) - (7 + 90) 0^] 0^«0pq 
Now with Hab 

DcD^AB — Dab^CD = tAB CdDefR 

+ 1 + J_02 { -2(4 + 70) [0O^^-2(l + O)0^^]DEp0GHtAB''''cD 
-4 (4 + 70) [00^^ - 2(1 + O)0«^] 0G£i?^ i/ABCD 

- [(3 - 302 + 7002) _ (4 + 7^) ^i^Fj {^eBcHoAEF + cad/^bcef) 
+^0 (4 + 70) [0 (Oc^n^s - ^ab'^cd) - 2(1 + O) {(Pcd'^ab - <Pab'^cd)] 

-^02 (4 + 70) R {T^ABCD - T^cdab) + 2 (4 + 70) 

{Dcd4>^^^abef — Dab(I)^^^cdef) 

+ (3 - 302 + 7002) ^g^^ ^^Eabef - Sab ""^^cdef) } 

-02 (-12 + 4002 + 21002) qEF^^^ 



(1 + 0-02)2 t g 
i^ABCD — ^CDAb) 
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+^0 [-18(1 + + (46 + em + 2m^) 0^] ^^^0^^ {^abcd - ^cdab) 

--(1 + Q) [-24(1 + Q) + (52 + 61Q + 21^2) 02j ^ef^^^ 
3 

(X'ABCD — ^CDAb) 

+ ^02 (-12 + 4002 + 211702) ^EF {^^^Y^ABEF - ^AB^CDEf) 

--0 [18(1 + Q) + (46 + 6m + 21Q2) 02j ^EF (Q^^E^BEj. — ^ab^cdef) 

-^0 [12(1 + O) + (16 + 610 + 21^2^ ^EF ^(l,^j^Y.ABEF - (PaB^CDEf) 

+ -(1 + n) [6(1 + 1]) + (22 + 61Q + 21fl^) 02] 0-^^ 
3 

{(pCD^ABEF — 4>AB^CDEf) 

+ ^02 (-3 + 702) R {nAB^CD - ^CD^Ab) 

-^0 [-7(1 + fi)2 + (11 + 14f])02] i? (0^bScd - ^cd^ab) 

+20 (-3 + 702) 1]^^ (Dab0ffScd - I^cd0ffSab) 

-4 [-7(1 + fi)2 + (11 + 1417)02] ^ef {^DabcI^ef^cd - Dcd'Pef^ab) 

+ (-1 + 02) (-3 + 702) 17^^ {Sefab^cd - Sefcd^ab) 

-20 [-4 - 14Q - 7Q2 + 2(2 + 7Q)02] 0^^ (^efabScd - Sefcd^ab) | 

+77^^^ ^U*^' [-24 + (59 + 2m)02 + 210^] ^I^^Qef 

3 (1 + iZ — (p^) ^ 

{flAB^CD — ^CD^Ab) 

-20 [-18(1 + n) + (13 + 19Q)02 + (61 + 4217)0^] n^^(f)EF 

{0,AB^CD — ^CD^Ab) 

+202 [-3(1 + n) (19 + 14Q + 7^2) + (113 + 164Q + 63^2) 02] 0-^^0ef 

{^AB^CD — ^CD^Ab) 

-0 [12(1 + + (-17 + 19Q)02 + (61 + 42fi)0^] n^^^EF 
{4'ab^cd — 4>cd^ab) 

+402 [-3(1 + Q) (9 + 14Q + 7Q2) + (83 + 164Q + 63Q2) 02] Q^^0^^ 

{(pAB^CD — (PcD^Ab) 

+40(1 + Q) [(1 + Q)2(61 + 42Q) - 3 (39 + 75Q + 28Q2) 02] 0-^^0s^ 

{(pAB^CD — 4>CD^Ab) 
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and we get 



9„n^i + -eA°noi = 2fAioi (95) 
u 

+ 1 + Q_^2 { [(3 - 30' + 71^0') f^'''' - 21)0 (4 + 7n) 0^^] eoAi^io£;F 

+^0 (4 + Tfi) [01^00 - 2(1 + Q)<Poo] n^i - 1<P' (4 + 7^) REmoo 
+ 2 (4 + 70) 0a„0^^E^isf + (3 - 302 + 7002^ ^oo ''''^^1^^ } 

{1 + n- (P) 1^ 6 ^ ^ 

+^0 [-18(1 + Q) + (46 + 61Q + 21fi2) 02j ofi^-^g^s^^^^Q 

-^(1 + O) [-24(1 + O) + (52 + 610 + 210') 02] 0^-^0epEaioo 

+ ^02 (-12 + 4002 + 21002) ^EF^^^-^^^^^ 

-^0 [18(1 + O) + (46 + 610 + 2102) (f,EF^^^^^^^^ 

-^0 [12(1 + O) + (16 + 610 + 2102) ^EF^^^^^^^^ 

+^(1 + O) [6(1 + O) + (22 + 610 + 2102) (f,EF^^-^^^^^ 

-^0' (-3 + 702) i?OooS^i + ^0 [-7(1 + 0)2 + (11 + 140)02] r^^^y^ai 

-20 (-3 + 702) 9.^^du^EF^Al 

+4 [-7(1 + 0)2 + (11 + 140)02] 0^^a,0£irEAl 

- (-1 + 02) (-3 + 702) O^^^^pooSai 

+20 [-4 - 140 - 702 ^ 2(2 + 70)02] Sefqq'^a^ 

^ 02 [-24 + (59 + 210)02 ^ 2104] qS^-q^pQpqSai 



3(1 + 0-02)^ 12 
-20 [-18(1 + O) + (13 + 190)02 + (61 + 420)0^*] O^'^'0£^OooSai 
+202 [-3(1 + O) (19 + 140 + 702) + (113 + 1640 + 6302) 02] 

-0 [12(1 + O) + (-17 + 190)02 + (61 + 420)0^] VL^^VLef(I)qq^ai 
+402 [-3(1 + O) (9 + 140 + 702) ^ ^ ^g^^ ^ g3^2^ ^2] 

O^^0^;i?0OoEAl 



60 



+40(1 + n) [(1 + ny{6i + A2n) - 3 (39 + 75^7 + 28^^ 



Finally, with Habcd, 

D^^ Hefcd = —-t^^^^ E ^ DhiScdfg — '^Se{fgcR^ d)^^ h'^ (96) 



+rTsb*5 ^(^+"'^'^ 



^{l+n)DGH(l>EFt' C^"" DI 



-nDGH(pFltE''''' CD - 3(1 + ^)(PfgR'' E CDH + ^(I>FgR EHCD 



—VL(jP^ Rgfehcd 



+ ^01] - 2(1 + 1^)0^^] H(CD)EF 



+1 [(1 - 02 + Q^^ - 2Q2#^^] Hefgd 

+ ^(-2 + f])0 ^c^D)E - 2(1 + ^^j^"" ^c^d)e\ 

+ -^(-2 + Q)(/.2i?EE(CD) + n(t>DcD(t>''^^GEF ^ 
io 

-^(1 + 0)0^^ (C0''''S^)EFG + ^ (1 - 0' + 002) ScD ^'"T.GEF 
-^Q02^^FG - 2 [0ficD - 2(1 + n)<f)cD] 'P^'^^GEF 



^ (3 _ 1002 + 61^02) 1^^^ 



(l + Q-02)Hl^ 

(QEi?E(3(CD) + 20*^ {c'^d)gef) 

+ ^03 (7 + 4Q - 6^2) 0^^ {^EFT^GiCD) '' + ^'' iC^D)GEF) 
-^0 [6(1 + O) - (13 + 40 - 6^2) 02j ^EF^G ^^^Y.D)GEF 

-^(1 + [3(1 + fi) + 2 (2 + 2(7 - 3Q2) 02] 0^^0efSg(cd) ^ 
9 

+^(1 + (3 - 1002 + 6Q02) 0^^0« (cSd)gbf 
9 

-^0' (-3 + 02) RVL'' ^c^d)E - [(1 + + (1 - 20)02] j^^E ^^^^^^ 
+ '^<fnEFD'' i^c(t>''''^D)G - (1 - 0') n^'^DcDfl^F ""^EG 
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+ + 20') 4>efD'^ (c<P''^t.d)g + 2 [(1 + nf - (1 + 2n)(f] 

+\{1-^'Y^'''S^fgdT.eg 

-^0 [-(1 + + (1 + 2fi)02] 0^^5^^^(cSb)g0^^5^fcdSsg 
(2 + ^] - 202) + 20 (r^cD - 200cd) ^e ^(P'^'^^fg^ 

+ ^ ,,,3 ( - 0' (3 - 130' + 3r]02 + 30^) n^^nEF^"" iC^D)G 

9(l + iZ-0^) t 
-40^ (5 + 8fi + 202 - 6^02) n^^(j)EF^^ {c^D)G 
+A(I? [3(1 + + (4 - 2fi - 9fi2) 02] ^^^^^^ 
+20 [(1 + (3 - 802) - 2(1 - 3(])0^] (]^^nsF0^ {cSd)g 
+8(1 + ^])02 [3fi(2 + fi) + (7 - 90)02] j^i?F^^^^G ^^^.^^^ 

-8(1 + [2(1 + nf{-l + 3^]) + 3 (3 - 4^2) 0^] ^^^^^^^f? (^s^jg 
where the l.h.s. is 

D^^HefCD = duHiiCD H [HucD + -f^llOfGCD) °) 

<9i; + e^oif^a ] HiQCD — 2f oiOO-f^llCD — f oioG-f^llOZ) 



2m 

— roioD-f^llOG + roilG-f^lOOD + TonD-f^lOOG + rnoo-f^lOCD- 

Equations ([20]) , ([21]) , dHSD , dSlD , dSSD , dnS]) are the system of subsidiary equa- 
tions for the quantities ( l92l) . The expressions on the right hand sides of these 
equations are homogeneous functions of the quantities (|92l) . Together with 
Lemma 17.11 this imphes that all the expansion coefficients of the quantities 
flU^ vanish on Uq. As the functions flU^ are necessarily holomorphic, this 
implies that they vanish on N. □ 



8 Analyticity at space-like infinity 

Our gauge is singular and thus the holomorphic solution of Lemma 16.71 does 
not cover a full neighbourhood of the point i. To show that we can indeed 
get a holomorphic solution in a hole neighbourhood of i we go to a normal 
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frame field based on the frame cab at i and the corresponding normal co- 
ordinates x°'. The argument follows with some modifications the line of the 
corresponding argument in [7j. 

The geodesic equation for z°'{u{s),v{s),w{s)), D^z = 0, can be written in 
the form 

The initial conditions for the geodesies to start at i are 

U\s=(} = 0, w\s=o = 0, 

and we have to prescribe 

Vo = v\s=o = fo, 

in order to determine the 5u-9^-plane where the tangent vector is. 

The components of the tangent vector to the geodesic at i are given by 

m^^\s=Q = ttIq^, and by regularity and the geodesic equations we have 

= m|^=o = Mo, = 0, ml^ = w\s=o = Wq. 

We can identify the frame cab with its projection into TiNc, then rriQ^eAB = 
•nf^^CAB = x°'Ca, where as defined cab = a" ABCa, and we get 

or, inverting the relations 

+ ix"^ x'^ . 6abX'^X^ 



'^o[x ) = ^— , Vo[X ) = , , . „ , Wo 



V2 x^+tx^' V2{x^ + ix^y 

Here we see that in order to have a well defined vector we need x'^+ix'^ ^ 0, or, 
what is the same, mq 7^ 0. This correspond to the singular generator of A/i in 
the c^B-gauge. The vectors x^Ca cover all directions at i except those tangent 
to the complex null hyperplane (ci + ic2)'^ = {a(ci + ic2) + bcsla, b G C}. 
As we have used a frame formalism, we need also to determine the normal 
frame centered at i and based on the frame cab i. As we already have the 
frame fields cab, we write the equation for the normal frame cab, D±cab = 
as an equation for the transformacion b ^ SL(2, C) that relates the frames 
Cab and cab, cab = At^ b^cd- The equation can be written as 

i^B = -m^^r^^^ct'=^B, (97) 
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and the initial condition cames from having to take eAB\i{v) to cabIz, 

t^B\s=o = s''Bi-Vo). (98) 

Following the proofs of Lemma 7.1, Lemma 7.2 and Lemma 7.3 in we 
arrive at the following two lemmas. 

Lemma 8.1. For any given initial data Uq, Vq, Wq, with uq ^ 0, there ex- 
ist a number t = t{uo,vo,Wo) and unique holomorphic solutions z^{s) = 
{s,Uo,Vo,Wq) of the initial value problem for the geodesic equations with 
initial conditions as described above which is defined for \s\ < 1/t. The func- 
tions {s,uo,vo,wo) are in fact holomorphic functions of all four variables 
(s, Uq, Vq, Wq) in a certain Pi/j (0) x U, where U is a compactly embedded subset 
o/(C\{0}) X C X C. 

Lemma 8.2. Along te geodesic corresponding to s ^ z^ {s,Uo,Vo,Wo) equa- 
tions (IU7I) have a unique holomorphic solution t^B(s) = t^ b{s,Uo,Vo,Wq) 
satisfying the initial conditions The functions t^ b{s) = t^ b{s, Uq, Vq, Wq) 

are holomorphic in all four variables in the domain where the z^{s, Uq, Vq, Wq) 
are holomorphic. 

Following the discussion in [7] it can be seen that, as |x| = V dahX'^x^ — ^ 0, 
+ ix"^ 7^ 0, 

u{x^) = -^-^ + 0{\x\% 



,.3 



vix'^) = + 0{\x\') 

X^ + IX'^ 

w{x')= +0(|a:|^). 

This gives for the forms = X^^ cdx'^ dual to the normal frame cab 

X^^ix^) = {a^\ + X^\)dx'^, 

with holomorphic functions a{x'^) which satisfy x^^ a = C^il^l"^) as |x| 
0. Also the coefficients c° ab = {dx"", cab) of the normal frame in the normal 
coordinates satisfy 



with holomorphic functions (f ab{,x^) which satisfy (f ab = 0{\x\'^) as |x| — 
0. 

The three 1-forms a"' ABdx"' are linearly independent and thus for small \x'^ 
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the coordinate transformation x"' —>■ z°'{x'^), where defined, is nondegenarate. 
This means that all the tensor fields entering the conformal stationary vac- 
uum field equations can be expressed in term of the normal coordinates x'^ 
and the normal frame field cab- 
Now we can derive our main result. 

Proof of Theorem The coordinates x° cover a domain U in on which 
the frame vector fields cab = ab^I^x'^ exist, are linearly independent and 
holomorphic. Also in IJ the other tensor fields expressed in terms of the 
x"" and Cab are holomorphic. However f/ does not contain the hypersurface 
x^ + ix^ = but the boundary of U becames tangent to this hypersurface at 
x" = 0. 

We want to see that the solution indeed cover a domain containing an open 
neighbourhood of the origin. 

We still have the gauge freedom to perform with some B G SU{2) a rotation 
6* 6* ■ t of the spin frame. Whit this rotation is associated the rotation 

t CD 

Cab Cab = ^ bCcd 

of the frame cab at i. The construction of the submanifold N was done based 
on the frame cabi starting now with c\q all the previous constructions and 
derivations can be repeated as far as the estimates for the null data in the 
CAB-gauge can be translated to the same type of estimates for the null data 
in the c^^-gauge. 

We will denote u' , v' , w' and e^^ the analogues in the new gauge of the 
coordinates u, v, w and the frame eAB- The set A/i is invariant under this 
rotation. The sets {w = 0} and {w' = 0} are both lifts of the set Mi to the 
bundle of spin frames. The coordinates u and u' are both affine parameters 
on the null generators of A/i, which vanish at i. The coordinats v, v' both 
label the null generators of Mi- The frame vectors Cqo and Cqq are auto- 
parallel vector fields tangent to the null generators. 

If V and v' label the same generator rj of A/i, then eoo(f') = /^eoo(^) at z, with 
some / 7^ 0. Furthermore, as cqo and Cqq are auto-parallel, then Cqq = /^eoo 
must hold along r/, with / constant along the geodesic. This means that at i 

S'' 0{V')S'' o{v')t^ Ct^ DCEF = f s\{v)s^ ,{v)ccD, 

and absorbing the undetermined sign in /, 

t''cs\{v') = fs\{v). (99) 
We can write b ^ SU (2) as 

a,cGC, |a|2 + |c|^ = l. (100) 
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This gives with 

/ -c + av I c + dv' 

V = t = resp. V = — , f =a-cv . (101) 

a + cv a + cv a — cv 

As {du, Coo) = 1 = {du', Cqo) we have for the afiine parameter along t] 

u = fu. (102) 
With ffTOB . ffT02D holds r]{u',v') = r]{u,v). 

If c 7^ then f ^ cxd as f' —> a/c. So the null generator in the c^^-gauge, 
where we need information, is contained, excepting the origin, in the regular 
domain of the c^^-gauge. 

Let us consider now the abstract null data given in the Cyi^-gauge V^, 
satisfying estimates of the form ( 1371) . ( l38l) . In the c^^-gauge we have V^^, 
Pf*, with terms given by 

'^\mBm:.AiBiCDEF = i^'"Am't^"'B^---t^^Ait^^Bit^ct'^Dt^Et^L^G„,H„,...GiHiIJKL- 

Using the essential components of ip and 

2m 



f2m\ 
j=o V J / 



n 



J2( ■ ) T2m'nmiG 
j=0 



The numbers 



1 1 



satisfy 

\T2m\{t)\<l, m = 0,1,2,..., 0<j<2m, < n < 2m, 

as they represent the matrix elements of a unitary representation of SU{2). 
So we get 

, m!M _ 1 9 o 

IV^A„B„...AiBil < ^,rn ' "^ = 1,2,3,..., 

where r' = r/4. 

In the same way we get 

I^a„b„...AiBiCD£;fI < ^/m ' m = 0, 1, 2, 3, 
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where M' = 16M. 

So the estimates for the null data on the c^^-gauge translate into the same 
type of estimates for the null data on the c^^-gauge. 

Assuming now c 7^ in f llOOp . we have two possibilities for getting the solution 
in the c^^-gauge: 

i. Using the solution in the c^B-gauge we can determine, where possible, 
the coordinate and frame transformation to the c^^-gauge. In partic- 
ular, the singular generator of J\fi in the c^^-gauge will coincide with 
the regular generator of Mi in the cab gauge on which v = —a/c. We 
are thus able to determine near the singular generator in the c^^-gauge 
the expansion of the solution in terms of the coordinates u', v', w' and 
the frame field e^B- 

ii. Using the null data P^*, Pf* in the c^^-gauge, one can repeat all the 
steps of the previous sections to show the existence of a solution to the 
conformal stationary vacuum field equations in the coordinates u', v', 
w' of the c|:^^-gauge. All the statements made about the solution in the 
CAB-gauge apply also to this solution, in particular statements about 
domains of convergence. 

The formal expansions of the fields in terms of u', v', w' are uniquely deter- 
mined by the data P^*, Pf*, thus the solutions obtained by the two methods 
are holomorphically related to each other on certain domains by the gauge 
transformation obtained in (jll). As done with the solution in the Cyi^-gauge, 
the solution in the c^^-gauge can be expressed in terms of the normal coor- 
dinates x1 and the normal frame field c^^. The x'} cover a certain domain 
Ut G and the frame field c^^ is non-degenerate. All the tensor fields 
expressed in terms of and c^^ are holomorphic on Ut- Then the solution 
in the Cyi^-gauge and the solution in the c^^-gauge are related on certain 
domains by the transformation 

—t bX , — t At bCcD, 

which gives the transformation corresponding to the rotation of normal co- 
ordinates. We can extend this as a coordinate and frame transformation 
to the solution obtained in 1^ to express all fields in terms of x"' and cab- 
With this extension all fields are defined and holomorphic on t~^Ut- Then 
the solution obtained in the CAs-gauge and the solution in the c^^-gauge 
are genuine holomorphic extensions of each other, as one covers the singular 
generator of the other one away from the origin in a regular way. 
Let now 7^ be an arbitraty point in C^. We want to show that the 
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solution extends in the coordinates x"' to a domain which covers the set sx" 
for < s < e for some e > 0. That is the case in the CAs-gauge as far as 
7^ {a,ia,P), G C. We need to see what happens if = {a,ia,P), 
with « ^ or /3 ^ 0. 

If = {a,ia,P) and a 7^ 0, we consider the c^^-gauge, where t'^^ is given 
by fllOOl) with a = 0, c = 1. The normal coordinates in the two gauges are 
related by 

1 1 2 2 3 3 

The holomorphic transformation ( X^f J X^/ 5 X^/ ^ ^ ^ X J X J X ^ ixicips Uf onto 
a subset of C^, denoted by t'^^Uf, which has nonempty intersection with U. 
After the transformation the two solutions coincide on t'~^Ut> fl Ut- 
Under this transformation, the singular set {x^ + ix"^ = 0} in the c^B-gauge 
correspond to the set {xj, — ix^, = 0}, which is covered in a regular way 
in a neighbourhood of i in the c^^-gauge. So the set t'^^Uf U Ut admits a 
holomorphic extension of our solution in the coordinates x** and the frame 
Cab- In this extension there exist e such that sx^, x^ = (a, ia, [3) with a 7^ 0, 
is covered by the solution for < s < e. 

We need also to consider the case a = 0, that is, x" = (0, 0, 6 7^ 0. In this 
case we use the c^^-gauge, where t'^^ is given by fllOOp with <^ = c = 
The normal coordinates are related by 

112 3 3 2 

The argument follows the same lines as for the a 7^ case. 
Thus the set U can be extended so that the points sx^ with < s < e are cov- 
ered by U and all fields are holomorphic on U in the coordinates x". Then 
it can be assumed U to contain a punctured neighbourhood of the origin 
in which the solution is holomorphic in the normal coordinates x° and the 
normal frame cab- Then the solution is in fact holomorphic on a full neigh- 
bourhood of the origin x" = 0, which represents the point as holomorphic 
functions in more than one dimension cannot have isolated singularities. 
By Lemma 13.11 we have from null data satisfying the reality conditions a 
formal expansion of the solution with expansion coefficients satisfying the 
reality conditions. By the various uniqueness statemets obtained in the lem- 
mas, this expansion must coincide with the expansion in normal coordinates 
of the solution obtained above. This implies the existence of a 3-dimensional 
real slice on which the tensor fields satisfy the reality conditions. It is ob- 
tained by requiring the coordinates x" to assume values in M^. □ 
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9 Conclusions 



We have seen how to determine a formal expansion of an asymptotically flat 
stationary vacuum solution to Einstein's field equations using a minimal set 
of freely specifyable data, the null data. This data are given by two sequences 
of symmetric trace free tensors at space-like infinity. We have obtained nec- 
essary and sufficient conditions on the null data for the formal expansion to 
be absolutely convergent, hence showing that the null data characterize all 
asymptotically fiat stationary vacuum solutions to the field equations. 
This work contains the static particular case, and is ageneralization 

of Friedrich's work [7] from the static to the stationary case. 
In relation with the works of Corvino and Schoen [B] and Chrusiel and Delay 
[5], where they are able to deform given vacuum initial data in an annu- 
lus that encompasses the asymptotic end in order to glue that data to an 
asymptotically fiat vacuum stationary solution of the field equations, our 
result shows that the null data provides a complete survey of all the asymp- 
totics that can be attained. In particular, for performing the gluing they 
need families of solutions, it would be interesting to see what are the restric- 
tion imposed on the null data in order to form one of these families. 
It is a long standing conjecture that Hansen's multipoles p^, which are rel- 
evant because they have nice geometrical transformation properties under 
change of conformal factor, do characterize an asymptotically fiat station- 
ary vacuum solutions to the field equations in the way we have shown the 
null data do. This have been shown in the axisymmetric case p] and some 
steps have been achieved in the general case, like showing that the multipoles 
determine a formal expansion of a solution [3] [12], or necessary bounds on 
the multipoles if the solution exist [2], but general conditions on the multi- 
poles for the expansion to be convergent has not been found yet. As there 
is a bijective correspondence between the null data and Hansen's multipoles, 
although the relation is highly non linear, it would be nice if this correspon- 
dence could be exploited to get necessary and sufficient conditions on the 
multipoles to determine a convergent expansion. 
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